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Abstract 

We find two new classes of virtually fibered classic Montesinos links of type 
SL2. 

1 Introduction 

A 3-manifold is called fibered if it can be given the structure of a surface bundle over 
the circle. If a 3-manifold can be finitely covered by a fibered 3-manifold, we call it 
virtually fibered. The virtually fibered conjecture states that every complete hyperbolic 
3-manifold with finite volume is virtually fibered. This conjecture was proposed by 
Thurston in 1982 as a question in |Thu] . A link in is called virtually fibered if its 
exterior is virtually fibered. 

A classic Montesinos link has a projection as shown in Figure [T| where a small 
rectangle with qi/pi stands for a rational tangle, 1 < i <n. n, qi and pi are integers, 
and we may assume that n > 1, pi > 2, and qi and pi are relatively prime, 1 < z < n. 
By assumption, the absolute value of qi/pi may be greater than one, 1 < i < n. 
{qi/pi,q2/p2, ■■■,qn/Pn) is called a cyclic rational tangle decomposition of the classic 
Montesinos link which has a projection as shown in Figure [Tj Note that a classic 
Montesinos link may have different cyclic rational tangle decompositions. Montesinos 
link K in has a Seifert fibered 2-fold branched covering space, Wk- The branch 
set K is the preimage of K. [Wk, K)^{S^, K) is induced by the homomorphism 
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Figure 1: Classic Montesinos link 



7ri(5'^ — N{K))—>'Ij2, where the image of meridianal generators in 7ri(S''^ — N{K)) is 
1. is a Montesinos link of type SL2 if Wk has SL2 geometric structure. 

Recently, the virtually fibered conjecture has been solved for classic Montesinos 
links which are not of type SL2 due to the works of Walsh |Wa] and Agol-Boyer- 
Zhang |ABZj . Agol-Boyer-Zhang also gave an infinite family of virtually fibered classic 
Montesinos links of type SL2, in Sec. 6 of |ABZ] . Those links have cyclic rational 
tangle decompositions {{qi/p, 5'2/p, • • • , Qn/p) : P > 3 odd and n is a multiple of p}. 
Later, this result is extended by removing the condition that n is a multiple of p 
in |GZ] . Note that a classic Montesinos link in the set {{qi/p,q2/p, ■ ■ ■ An/p) '■ P > 
3 odd } is of type SL2 when gi + g2 + ■ ■ ■ + Q'n 7^ 0, and n = 3, g > 5, or n > 3. In 
this paper, we give another two families of virtually fibered classic Montesinos links 
of type SL2 by extending the techniques used in Sec. 6 of |ABZ] . 

Theorem 1.1. If K is a classic Montesinos link with a cyclic rational tangle decom- 
position of one of the following forms: 

I. [ — , — , . . . , — , , , . . . , — ) where p,r > 6 odd, k is a multiple of p, and 

p p p pr pr pr 

(n — k) is a multiple of p and r; 

II. ( — , — , . . . , — ) where n> A even, p = 2m, and m is odd, 

p p p 

then K is virtually fibered. 

Note that K is of type SL2 if r(gi + ■ ■ ■ + qk) + Qk+i + ■ — I- 7^ in Case I, and 
gi + ■ ■ ■ + 7^ and {p, n) 7^ (2, 4) in Case II. 

In Case I, the rational tangles in the cyclic rational tangle decomposition of K 
have different denominators. In Case II, the denominators are same but they are even 
numbers. There are some new issues raised by these two new situations. We shall 
mention them later. 

For convenience, we follow the notations used in Sec. 6 of |ABZ] . Let K = 
K{qi/pi,q2/P2, ■ ■ ■ ,qn/Pn) be the classic Montesinos link with cyclic rational tangle 



decomposition (gi/pi, ^2/^25 • ••5 Q'n/Pn)- Let Bk be the base orbifold of the Seifert 
fibered space Wk- Wk has the SL2 geometry structure if 

where eiW^) is the Euler number of Wk, and x{^k) is the Euler characteristic of Bk- 
K is geodesic in Wk and orthogonal to Seifert fibers of Wk by Lemma 2.1 of |ABZj . 
Let / : Wk — ^ Bk be the Seifert quotient map. By the construction of Wk, Bk is 
a 2-sphere with n cone points {ci, C2, . . . , c^}, and the order of q is pi, 1 < i < n. 
Let K* = f{K). Then K* is a geodesic equator of Bk containing all the n cone 
points. The number of components of K is also decided by the cyclic rational tangle 
decomposition. 



li^l 



1 if each pi is odd and {qi + ■ ■ ■ + Qn) is odd , 

2 if each pi is odd and (gi + ■ ■ ■ + qn) is even, (2) 
: Pi is even} otherwise. 



We proof Case I of Theorem 1.1 in section 2, and Case II in section 3. 



2 Proof of Theorem 11.11 in Case I. 

in this section we prove iheorem 1.1 when K = K[ — , — , . . . , — , , , . . . , — ) 

p p p pr pr pr 

with p,r > 3 odd, where is a multiple of p and (n — k) is a multiple of p and r. We 
consider K is of type SL2, and k 0, n k. Otherwise, K is virtually fibered by 
HHZ]. By(|l]),irisoftype5L2whene(iyi^) = -{r{qi + - ■ ■+qk)+qk+i + - ■ ■+qn)/pr ^ 
0. From g, has one or two components. We first prove Theorem 1.1 when i^' is a 
knot in Sec. 2.1. As in Sec. 6.2 of |ABZj . the proof can be extended to the case that 
K has two components with several adjustments in Sec. 2.2. 



2.1 K is a. knot. 

We first give the outline of the proof. 

At first, we construct a finite cover of Wk, say Y, so that y is a locally-trivial 
circle bundle. Let L be the preimage of K in Y. We prove that the exterior of some 
components of L in Y, denoted by M, is a surface semi-bundle. Next, we construct 



3 



M, which is a 2-fold cover of M, such that M is a fibered manifold. This covering 
can be extended to Y. Suppose that the corresponding 2-fold cover of Y and L are 
Y and L respectively. We can isotope LnM and perform Dehn twists to the surface 
fibers of M such that the components of L fl M are transverse to the new surface 
fibers of M. Then the exterior of L in y has a structure of surface bundle over the 
circle. In addition, the exterior of L in F is a finite cover of the exterior of K in Wk, 
so it is also a finite cover of the exterior of K in 5*^. Therefore, K is virtually fibered. 

Different from |ABZj . the tangles in the cyclic rational tangle decomposition of 
K have different denominators. We need compose two finite covers to build Y, and 
perform additional Dehn twist operations to the surface fibers of M. 

Recall that / : Wk^Bk is the Seifert quotient map and K* = f{K). Bk is a 
2-sphere with n cone points. K* goes through all cone points of Bk '■ {ci, C2, . . . , c„} 
successively, q has order pifl < i < k, and has order pr if k+1 < i < n. f\:K^ K* 
is a 2-fold cyclic cover because the order of q is odd, 1 < i < n. 

At first, we construct a proper covering map, ip : F ^ Bk, such that F is a 
smooth orientable closed surface. Since Bk contains cone points of different orders, 
we construct ip by composing two cyclic covers, ipi and ip2- 

Let Fl be the fundamental group of Bk- Then 

Yi = {Xi, X2, . . . , Xn ■ = ■ ■ ■ = = X^j_-y = ■ ■ ■ = X^ = X1X2 ■ ■ ■ Xn = l}. 

Xi is represented by a circle centered at Cj and in a small regular neighborhood of Cj in 
Bk, 1 < i < n. n — k is a multiple of r. There exists a homomorphism /ii : Fi — )■ Z/r 
where 

f iil<i<k , 
I 1 otherwise. 

Let ipi : F'^Bk be the r-fold cyclic covering map corresponding to hi, where F' 
is the covering space of Bk- F' is a 2-dimensional orbifold with underlying surface F^, 
which is a closed surface with genus g = {n — k — 2)(r — l)/2. When 1 < j < k, ip^^^cj) 
is a set of r cone points of order p, since hiixj) = 0. Let ip'^icj) = {c'lj, C2j, . . . , c'^j}, 
1 ^ J < ^- When k + 1 < j < n, hi{xj) = 1, and 1 has order r in Z/r, so ip^'^^Cj) 
is a cone point of order p. Let ip~^{cj) = c'j, k + 1 < j < n. In summary, F' has 
kr + {n — k) cone points of order p. 

^p'^iK*) is a set of r geodesies in F'. Let ^'^(K*) = Each L* 

goes through n cone points c^^^, . . . , c[ ,^, c'^+i, • • • , c'^ successively, 1 < z < r. Let ri be 
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Figure 2: ^-\K*) 

the deck transformation of ipi corresponding to 1 G Z/r. Fixiji) = {c'^+i, • • • ,c^}- 
Assume that L*j^^ = ti{L*), so c^+ij = ri(c^j), 1 < i < r, 1 < j < fc. Orient 
and give L* the induced orientation, 1 < i < r. Fix an orientation on F' such 
that Ti is a counterclockwise rotation near c'l by the angle of 2TT/rp, k + 1 < I < n. 
By this construction, L*_^ only intersects L*^ at C;, and the angle from L*^ to L*^ is 
(^2 — '^i)2vr/j9r, (we alway assume that counterclockwise is the positive direction.) 
k + l<l<n,l<ii,i2<r. 



Figure 



shows ip-\K*), when K = K{2/5, . . . , 2/5, 1/15, . . . , 1/15). Note that 



_ 5 15 

there are some intersections of L*'s in Figure |2] which are not in {c^, k + 1 < I < n}. 
If we draw them on F' which is a surface with genus, those intersections will not 
appear. Figure |2] is a schematic picture, so are Figure [3| |6| [7} |8| [17} [TSj [20| [22] and 



Now we want to define ip2- Let r2 be the fundamental group of F'. Then we have: 
Fa = {ai,bi, . . . ,ag,bg,yi^i,yi^2, ■ ■ ■ ,yi,k, ■ ■ ■ ,yr,i,yr,2, ■ ■ ■ ,yr,k,yk+i, ■ ■ ■ ,yn ■■ ylj = 1, 

9 

i/fc+1 = ■■• = < = i,n[^*'^*] ■ n yi,j ■yk+i---yn = iA <i <r,i < j <k}. 

i=l l<i<r,l<j<k 

yij and yi are represented by a small circle on F' centered at c^ j and C; respectively, 
l<i<r,l<j<k,k + l<l<n. ai,bi are the generators of 7Ti{Fq), 1 < i < g. 

Because k and n — k are both multiple of p, there is a homomorphism h2 '■ T2 ^ 
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Z/p, where 

hiiai) = ■■■ = h2{ag) = /i2(&i) = ■ ■ ■ = h2{by) = 0, 
h2{yi,j) = h2{yk+i) = ■■■ = h2{yn) = 1, 1 < « < 1 < j < fc- 

Let %l)2 be the covering of F' corresponding to /i2, and F the covering space. Since the 
orders of h2{yi) (/i2(l/ij)) equals the order of (c^^) are also F is a smooth closed 
orientable surface without cone points, k + 1 < I < n^l < i < r^l < j < k. Denote 

Cjj = '^/'^^(c^j) and q = 'ip2^{c'j), l<i<k,l<j<r,k + l<l<n. 

The preimage of L* is a set of p geodesies {L*^^, ■ ■ ■ , L*^}, 1 < i < r. Each L* goes 
through n points Q^i, . . . , Cj^fc, c^+i, • • • , c„, 1 < i < r, 1 < j < p. Let T2 be the deck 
transformation of ^'2 corresponding to 1 G Z/p. Fix{T2) = {q^i, . . . , Q^fc, Ck+i, . . . ,Cn ■ 
1 < i < r}. Assume that L*j^^ = T2{L*-), 1 < i < r,l < j < p. Orient L*^, 
such that it passes through . . . , Q^fc, Cfc+i, . . . , c„ successively, and give L*j the 
induced orientation, 1 < i < r,l < j < p. F admits an orientation such that T2 is 
a counterclockwise rotation near the fixed points Cij and q by 27r/p, 1 < z < r, 1 < 
j < k,k + 1 < I < n. {L*j, 1 < i < r,l < j < p} only intersect at those fixed points 
of T2, see Figure 

gives the details. 



for K = K{2/5, . . . , 2/5, 1/15, . . . , 1/15). The following remark 
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Remark 2.1. L*j^ intersects L*-^ at q^i, . . . , Cj^fc, c^+i, . . . , c„ and the angle from L*-^ 
to L* -^ IS (j2- ji)2vr/p, 1 < i < r, 1 < ji,j2 < P- When ii ^ 12, L*^j^ intersects L*^j^ 
at ci, and the angle from L*^j^ to L*^j^ is {12 - ii)2n/pr + (j2 - ji)2Tc/p, 1 < 21,^2 < 
r;l <ji,j2 <p,k + l<l <n. 

Let = ip2 o tpi : F ^ F' ^ Bk- ^Z' is a pr-fold covering map of Bk. Then we 
have 



{cjj-; 1 < i < r} if 1 < J < A;, 
Cj otherwise. 
L* = iJ-\K*) = {LI : 1 < « < r; 1 < J < p}. 



Next we construct a covering space of Wk from ip as in Sec. 2 of |ABZj . Wk is a 
Seifert fibered space with basis Bk- There is a covering of Wk, say induced by the 
Seifert quotient map / : Wk — ^ Bk and associated to ip. Y is the covering space of 
Wk corresponding to Y has a locally-trivial circle bundle Seifert structure since 
his basis F is a surface. Let f : Y F he the Seifert quotient map. Y inherits the 
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Figure 3: {L* - : 1 < i < r,l < j < p} 
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Figure 4: Construction of Y 

SL2 geometry structure from Wk- Recall L = \l'^^(i^'). We have the commutative 
diagram which is analogous to Diagram (5) in Sec. 2 of |ABZ] . 

From the diagram, we can see that L = f~^{L*). L has exactly pr components 
by similar discussion as in Sec. 6.1 of |ABZ] . Let L = {Lij :l<i<r,l<j< p}, 
where f{Lij) 
both odd. 



L*j. f\ : Li J — )■ L*j is a two fold cyclic cover, because p and pr are 



The following proposition can be proved by an analogous proof of Proposition 6.1 
in jXBZ] . 

Proposition 2.2. The exterior of L^ i in Y is a surface semi-bundle. 

Here we do not repeat the proof. We introduce some notations and notes which 
we need to use later. 

Let T = which is a vertical torus overlying L\^. Because L* ^ is a 

geodesic on F, T is a totally geodesic torus. T inherits a Euclidean structure from 
the SL2 structure of Y . If {a, h} is a set of two gedesics which intersects at one point, 
and HiiT) =< a, b >, then T can be identified to x where x {*} and {*} x 
are two geodesies which isotopic to a and b respectively. 

Let F2 = Ll^^ X [— e, e], and /3_ = Ll^^ x {— e}, /3+ = x {e}, where e is a small 
positive real number. and /3+ are shown in Figure [s]) Let 

F,=F-h, Y, = f-\Fi), T± = f-\f3±), 1 = 1,2. 

Note that Fi is connected by the construction of F. Y2 is a regular e-neighborhood 
of T in Y. Define Iq = ^1 Ut_ Y2. The restriction of the Seifert fibration of Y to 
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each of Yq, Yi and Y2 is a trivial circle bundle. Give the circle fibers of Yq a consistent 
orientation. Fix two circle fibers of Y, 0+ on T_ and respectively. 

Fq is the surface obtained by cutting F open along Yq is a trivial circle bundle 
over Fq. Choose a horizontal section Bq of this structure such that BqCiT is a geodesic. 
Define Bi to be a subset of i?o in Yi, i = 1,2. Orient Fq and let Fi, F2 and their 
boundaries have the induced orientation. Also equip Bq, Bi, B2 and their boundaries 
the induced orientation. 

Recall that Y2 = T x [— e,e]. T is also fibered by geodesies isotopic to Li i. This 
gives us a new fibration of Y2 with base space F2. We call the fiber of Y2 in this 
new fibration structure new fiber, and denoted 0. We call the fiber from the original 
fibration of Y the original fiber, denoted 0. Let B2 be one horizontal section of 
Y2 — )■ F2 such that -B2 n T is a geodesic. Let be a small regular neighborhood of 
Li 1 in Y2, which is disjoint from other components of L and consists of new fibers. 
Let M2 = F2 - N, and M = Yi Ut„ M2. Then M is the exterior of in Y. dM2 = 
T2- U T2,+ U T2fi, where T2,o = dN, T2_ = T_,T2,+ = T4.. M is a graph manifold 
with boundary T2fi and characteristic tori T_ and T+. Let i?2 = -B2 H M2, which is an 
annulus with one puncture. Orient B2 and give S-Bg the induced orietation. Equip 
the new fibers of M2 a fixed orientation. 

By Prop. 6.1 in |ABZ] . we can construct essential horizontal surfaces Hi C Yi and 
H2 C M2. 

Let e be the Euler number of the oriented circle bundle of Y ^ F. Since F is a 
pr-fold cover of Wk, 

e = pr ■ eiVVx) = pr{- — ) = pri--{qi H \- Qk) (qk+i H h Qn)) 

z-^ p. p pr 

= -{r{qi H qk) + qt+i H h g™) 

by ([1]). Since r is odd and A^ only has one component (c.f. (|2])), e is odd which is the 
same as in the proof of Prop. 6.1 of |ABZ] . Then by choosing the horizontal sections 
Bq and B2 properly, Hi and H2 will have the same boundary slope as shown in Table 
3 in Sec. 6.1 of |ABZj . We describe the construction of Hi and H2 in the following 
for later use. (c.f. the discussion after the proof of Prop. 6.1 of |ABZ] .) 

Set ao = -B2 n T which is a geodesic. Take a fixed new fiber in T, denoted 0o- 
Then T = tio x 0o and 1^2 = "So x 0o x f]- ^2 can be expressed as following 

_ o _ 

M2 = {ao X 00 X [-e, e]) - (/ x 0o x {-6, 5)), 
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Figure 5: H2 

where I = (1 N, and 5 is a positive real number which is less than e. Let 71 be 
a fixed simple closed geodesic in T x {— e} of slope with respect to the basis 

{ao X {— e}, 00 X }}) 72 a fixed simple closed geodesic in T x {6} of slope —- 

with respect to the basis {ao x {5},0o x {^}}- As in |ABZj . = ©- U 60 U 6+. 

o _ 

0- = 7i X [— e, —6], and 6+ = 72 x [S,e]. Gq is a surface in (ao — x 00 x [—5,(5] 

such that ©0 n (T X {t}) is a union of |e| geodesic arcs of slope — - — — ^ where 

2 2oe 

t G (—6,5). These |e| geodesic arcs are evenly distributed in (T x {t}) fl M2. if2 is 
transverse to all the new fibers, and also transverse to the original fibers except when 
t = 0. Figure [5] illustrates one of the |e| pieces of H2 (c. f. Figure 6 in |ABZ] ). The 
surface fibration J^2 in M2 is generated by isotoping H2 around the new fibers. 

Now see the construction of Hi, which is the same as in |ABZj . It's not hard to 

see that there exists a properly embedded arc, say a, in Bi connecting T_ and T+. 

Let a X [—1, 1] be a regular neighborhood of a in Bi. Suppose we pass (crnT_) x {— 1} 

to (cr nT_) X {1} along the orientation of -Bi fl T_. Wrap ax [—1,1] in Bi around the 
1 - e 

0-direction ( — - — ) times as we pass from —1 to 1 in cr x [—1, 1] x 0. The resulting 
surface is Hi. Let J-'i be the corresponding surface fibration of Yi with Hi as a 
horizontal surface. 

As in |ABZ] . we may suppose that dHi = dH2- Let H = HiU H2. H is a non- 
oriented horizontal surface in M. Then J-'i U J-2 forms a semi-surface bundle J-" in M, 
as described in Proposition |2.2[ 

Next we want to reorient {Lij : 1 < i < r,l < j < p,{i,j) ^ (1, 1)} such that 
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they travel from T_ to in M2 along their new orientation. Then we can use Prop. 
6.2 of |ABZj to show that {Lij : I < i < r,l < j < p, {i, j) (1, 1)} are always 
transverse to J-2 in M2. 



As shown in Figure [3| /3_ is on the left side of ^ and /3+ is on the right side of 
L*^. To get the proper reorientation, we need that the angle from L^^ to L*j (the 
angle passed when ^ rotates counterclockwise to L*j) should between vr and 2tt. 

Define an order on '■ I < i < r,l < j < p}. (ii,ji) -< {i2^ii) if ji < 32 



or ii = j2, ii < ^2- For example (3, 1) -< (2, 3). By Remark 2.1, the angle from L*^ ^ 
to L*_^j-^ is less than the angle from L^^^^ to L*^j2 ^' (^i)Ji) (*2, 72)7 where 
1 ^ ill "12 < ''"7 1 < J17 J2 < P7 A; + l < I < n. At ci^s, only ^ intersects 1 < s < k 
and 1 < j < p. The angle from L^ -^^ to ^-^ is less than the angle from L^^^ to Ll j^ 
at ci^s if (17^1) -< (1772) i.e. ji < 727 where 1 < ji, js < 



From Remark 2.1, we need to change the direction of {L*j : (1,1) -< ^ 
((r + l)/2, {p + l)/2)}. We also change the orientation of the corresponding Lij, 
1 < i < r,l < j < p. Then we have the following remark. 

Remark 2.3. After the reorientation, the angle from LI ^ to L*j belongs to (7r,27r). 
In addition, the angle from L*[p^iy2 ^*is belongs to (vr, 27r) when 1 < i < 

(r+l)/2, and the angle from L*p to L*,, atci^i belongs to {n,2n) when (r+l)/2 <i <r, 
1 < s < p, 1 < I < k. (c.f. Figure^ 

We need introduce some notations before state Prop j2.4[ 



By Remark, 2.1 



LI ^ intersects {L^j : 1 < j < p} at n points {ci^g, Ct : 1 < s < k, k < t < n}, 

and intersects : 1 < i < r, 1 < j < p} at n — k points, {q, k < t < n}. (3) 

Recall that F2 = L^^^ x [— e, e], and F = FiU F2. Then L^j is separated into 2n arcs 
by Fi and F2, 1 < j < P- We denote them successively by {{L[j)* : I < I < 2n}, 
where (Lfj)* C F2 and (Lfj^)* C Fi, 1 < j < p,l < I < n. In addition, ci^i G (Lfj)* 
when I < I < k, and q G {Lf-)* when k < I < n. 

Different from L^j, L*- is separated into 2{n — k) arcs by Fi and F2, when 1 < 
i < r,l < j < p. Note that -^^i^-'s do not intersect each other in Fi, but L*jS do, 
1 < i < r,l < j < p. We divide L*j fl Fi into k + 1 parts by the intersection points 
{cj^i, . . . , Ci^k}, ^ < i r,l < j < p. We first define (Lfj)* to be the segment of L*^ 
in F2 which contains ci, 1 < i < r,l < j < p,k < I < n. Let (Lf^^)* to be the 
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Figure 6: Reorientation of L* 
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segment of L*j between (L^j)* and (L^'+^)*, where 1 < i < r,l < j < p,k < I < n. 
Let {LfJ'^y be the segment of L*^. between Cj,/ and Cj^^+i, I < I < k, {L]j)* the 
segment of L* j between (Lfj)* and q^i, and {L'^j'^^)* the segment of L*j between Cj^^ 
and (L^_^''+^^)*, 1 < z < r, 1 < j < p. Now L*j has k + 1 + 2{n - k) = 2n - A; + 1 
segment components, 1 < i < r,l < j < p. In summary, 



T * 



(Ll^r U U ■ ■ ■ U U iUt2k+2iLl,r) if 1< ^ < r, 1 < J < p. 



See Figure [7] and |8| The small number next to the arc is the index I. Additional, 
(Lf^.)* C F2, G A, where 

y4 = {z, j, Z : z = 1, 1 < j < p, 1 < / < n, or 1 < z < r, 1 < j < p, /c + 1 < Z < n}. 

Let 0'j g = f~^{ci^s), the original fiber through Cj^^, and (f)[ = f~^{ct), the original fiber 
through Ct, where l<2<r, l<s<A;, fc + l<t<?T,. Since /| Lj — )■ L*^ is a 2-fold 
cyclic cover, Lij can be separated as the following. 

Lij is separated into in segments by T_ and T+, 1 < j < p. Ljj- is separated into 
2(2n — A; + 1) segments by T_, T+ and 0^^^, l<i<r,l<j<p,l<s<k. We may 
suppose that 

where 

B = {i,j,l: l<j<p,l<l<2n when i = 1, 
or 1 < i < r, 1 < j < p, 1 < / < 2n and / 7^ 2s, 1 < s < A;}. 

Then 

_ (^tlL[j if2 = l,l<j<p 

" i.=U^„(uto^'?^^^ U iUt,,^,L^in) if K z < r, 1 < J < p. 

For each {Llj)*, there exists a vertical annulus 

Then we have that L\j U C U-j, I) e B. Suppose 

ul;^ = ul^nM, {i,j,l)eB. 
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Figure 8: {/j : 1 < « < (r + l)/2}, when p = 5,r = 5, k = 5,n = 10. 
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Note that Uf2iU['j = f'^{Llj) n M is a 2n-punctured torus and Uto[/g+^'° U 
(U?=2fc+2f^i,j ) = f~^m,j) n M is a 2(n - A;)-punctured torus, by (B, 1 < i < r, 1 < 



j < P- By the construction of U^j, we have 



, n I -'-z if I is even, 
if / is odd, 



Kn ^ Kn = '^U n M, 1< ji, j2 < P, Ji 7^ J2, 1 < / < fc; 

n = n 1 < ^1, ^2 < r, 1 < Ji, J2 < P, (^1, Jl), (^2, J2) 7^ (1, 1), (4) 

(^i,Ji) 7^ (^2,j2), A; <l <n. 

Analogous to Prop. 6.2 in |ABZj . we have the following proposition. 

Proposition 2.4. Give fixed transverse orientation. We can isotope Lij along 
the original fibers in f/fj'°, such that Li j travels from the negative to the positive 
side of J-2 's leaves. This isotopy fixes outside a small regular neighborhood of Uf'''^ 
{i,jj) G A. 



2/ 

By the construction of H2, there are two singular points in the foliation of U^J 
given by Ufj'^nJ^2, {hj, ^ ^- Figure [9](c.f. Figure 7 in Sec. 6.1 of |ABZ] ) illustrates 

the fohation of Uff, and the position of Lfj and LfJ''^"' after the isotopy, {i,j, I) G A. 
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After the reorientation Lfj always travels from T_ to T+ in M2, so we can isotopy 
them all above or under the singular points without blocking each other, {i,j, I) G A. 

Next we construct a double cover of M, say M. Denote p2 to be the covering map. 



The construction of M is shown in Figure 10 (c.f. Figure 8 in Sec. 6.1 of |ABZj ). 
where 

Yl,l U ri,2 = P2\Yl), ^2,1 U M2,2 = P2 '(^2) 

f±,iUf±,2=P2'(r±), 



M is also a graph manifold and Figure 10 shows its JSJ-decomposition. By construc- 



tion, M is fibered. Denote the surface bundle of M, ^. 

where J^i^s = P2^{J^i) ^ ^1,5, p2,s = P2^i-^2) H M2,s, s = 1,2. Fix a transverse orienta- 
tion for P and let Pi^s have the induced orientation, i,s = 1,2. p2 can be extended 
to a double cover of Y, denoted Y. We have 

Y = ^1,1 U ri,2 U ^2,1 U 1^2,2 
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Figure 10: The graph decomposition of M 

where l2,i Ul2,2 = P2 ^(^2) and M2,s C l2,s, s = 1, 2. Y has a Seifert fibered structure 
with fiber = ^2^(0). Let have the inherited orientation from 0. 

By construction, ^(Li 1) has two components, denoted Li,i,i-, and -f/i,i,2- -^1,1, s C 
y2,s, s = 1,2. Then 

M = F\(Ar(Li,i,i)UiV(Li,i,2)). 

P2^{Lij) also has two components, l<'i<'r, l<j< p,{i,j) 7^ (Ij !)• Let L = 
P2^{L), then L has 2pr components. 



Proposition 2.4 also holds for M2,i and M2,2, so we can isotope {Lij^s : 1 < < 



r, 1 < J < p, 7^ (1, 1), s = 1, 2} smoothly along such that they always travel 
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from the " — " side of J^2,s to the " + " side when travehng along their orientations in 
M2,., s = 1,2. 

Next, we perform a sufficiently large number of times of Dehn twist operations 
on '■ s = 1,2} along a set of vertical tori F, such that the new surface fiber 

is transverse to {I/jj^^, 1 < i < r,l < j < p,{i,j) 7^ (1,1), s = 1,2}. Since the 
rational tangle decomposition of K, {qi/p, q2/p, • • • , qk/p, qk+i/pr, qk+2/pr, • • • , qn/pr), 
has different denominators, we can't find a set of components of L* that is mutually 
disjoint and goes through all the intersection points. L*j^s intersect each other in 
Mi.s, s = 1, 2, 1 < i < r, 1 < j < p, 7^ (1, 1). The construction of T is different 
from |ABZ] and |GZ] . We need the following discussion before construct F. 

Fix s = 1, 2. 

Denote p^^U'i]) = t/gi U t/i;°2, I) e B, where Uf^^ C when I) e A, 
and Uf^j^s'^ C Yi^s when G C, where 

C = {(z, J, : 1 < ^ < r, 1 < J < p, (z, j) ^ (1, 1), 1 < / < n}. 

Similarly we denote L[^*i U L[^*2 be the lift of L[+*, and equip the inherited 
orientation, G B,t = 0,2n. 

?7g-/'° is a vertical annulus in e C. Lf-,^ U Lf-}+^'' C f/g"/'" 

transverse to (f) by Lemma 2.1 in |ABZj . I) G C. 

Different from |ABZj and |GZj . the boundaries of some of U^^s^'^^s are not con- 
tained in T_^s U T+^s, so are the end points of some Lf~^^^, E C,t = 0,2n. 
There are two cases, (c.f. Figure [7] and [s]) 

Case 1 

The head of Lf r^^^ G f_,„ where t = 0, 2n, and 

i = l,l<j<p,l<l<n, or 

{1 < j < £±1 / = 1 or A; + 2 < / < n, or 
< j <p,k + l <l <n, or (5) 

f 1< j < 2±^, / = 1 or A; + 2 < / < n, or 
— <i<r, <~ - - J 

^ ~ ['^ <J <P,k + l<l <n. 
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The tail of G T+,„ where t = 0, 2n, and 



1, 1 < j < p, 1 < / < ra, or 

I <j <^,k + l <l <n, or 
^<j<p, 1 = 1 or k + 2<l<n, or 



1<^ < 



(6) 



^ < « < r, 



1 < j < + 1 < ^ < or 

^ < J <p,l = 1 or k + 2 < I <n. 



In this case, the corresponding boundary of Ufi is contained in T_ or 



s. Other 
: 1 < z < 

r, 1 < j < A;, s = 1, 2}, where is the lift of (f)[j in Fi ,,. Details are given in Case 
2. 



end points of {L^j ^ '■ 1 < i ^ r,l < j < p, s = 1,2,1 < I < n} are in 



Case 2 

The head of ^-j^^^*, t = 0, 2n, is in 



if 2 < / < A; + 1, 



1< i < ^,1 < J < 2±i,or 



if 1 < / < A;, 



r+l 
2 



p+1 



< i < r, 1 < j < 2 , 
1 < i < < J < p,or 

^ < z < r, 2±i < J < p. 



or 



(7) 



The tail of Lf-^^+\ t = 0,2n, is in 



liKKk, 



1 < , < r±l, 1 < ^- < £±1, 
^ < i < r,l < J < 2±1, 



or 
or 



if 2 < / < A; + 1, 



1< z < ^,2±i < J <p,or 



r+l 



2 < i < r, 2|i < j < p. 



In this case, the corresponding boundary of f/f' is or (p^-i^s- 



By the construction of Ti, the surface bundle ^i^^ is transverse to in Fi Then 
n Uf ~^'^ gives an interval foliation of Ufj's^'^ which is transverse to the original 
fiber d). 



In Case 1, we may assume that the oriented arcs Lf^jJ U LfjJ^'^^ C Ufj^J^'^ trans- 
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verse to the interval foliation fl Ufj^^'*^ near dUf ~^'^ C (T-.s U by Prop 
Further more, we may assume that Lf ~l U Lfj^}'^'^'^ travel from the " — " side to the 



2.4 



" + " side of every leaf of ^i^^ near dU^^^^ 



21-1,0 
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Figure 11: /i,, n f/g;/'" 



+1 



(1) 



(2) 



Figure 12: Signs of intersection 

In Case 2, let N((j)i^i^s) be a small regular neighborhood of (pid^s- We may isotope 
J'l^s along 0, such that Lf ~^ U Lf'^^'^^ transverse to J'l^s H Uf^j^s'^ travel from 
the " — " to the " + " side of every leaf of J^i^s near dUf'j^J^'^. Note that this isotopy 
won't change L fl M2,s- Figure [ll] shows Ulj~s^ in both Case 1 and Case 2. 

Next, we introduce the algebraic intersection number for two oriented arcs. Let rj 
and L be two oriented arcs with only one intersection point. We say that the algebraic 
intersection number of 1] and l, i{ri, l) = +1 if the intersection point is shown in 



Figure 12-1, and i{ri,L) = —1 if the intersection point is shown in Figure 12-2. We 
call L intersects rj positively if i{ri, l) = +1, otherwise we call l intersects rj negatively. 
If L intersects 1] more than once, the algebraic intersection number of rj and l is the 
sum of the algebraic intersection numbers for all the intersection points. 

r is a set of mutually disjoint (r+1) tori. Let F = {V^^ '■ I < i < (r+l)/2, s = 1, 2}, 
where C Yi^i and V2 ^1,2 are the preimage of a 0-vertical torus, in M, 
1 < z < (r + l)/2. f(y^) is a simple closed curve in Fi, denoted k, I < i < {r + l)/2. 
Let C = {k : 1 < i < {r + l)/2} where k = f{V') : 1 < i < {r + l)/2. C is a set of 
mutually disjoint (r + l)/2 simple closed curves in Fi. Give every component of C an 
orientation. We have the following claim. 



20 




Figure 13: n f/g;/'". 

Claim 2.5. If i{{Lfjy ,C) = 'Zt^i^^^^ KiLf~^)* ,k) is negative (or positive) for all 
€ C, then we can perform Dehn twist operations on {^i,s '■ s = 1,2} along T, 
such that {Lf~s^^ : (ij, I) eC,t = 0, 2n, s = 1, 2} travels from the " - " to the " + " 
side of every leaf of the new surface fiber structure of Yi^s- 

Proof: Consider 1 < t < (r + l)/2, {i,j,l) G C, s = 1,2 in this proof. Without 
losing generality, we assume that i{{Lfj^)*,C) is negative for all {i,j,l) G C. 

Let N(y^) be a small regular neighborhood of in int{Yi s). We may suppose 
that {N(y^) : 1 < t < (r + l)/2} are mutually disjoint if we take the regular 
neighborhoods small enough. Define dN{V^) = dl 82 ^, where dl ^ and ^ are two 
0-vertical tori. N{V^') n {Lf-^ U consists of some arcs if k n {^^'s)* ^ 0. 

Each arc in N{V^)r\Lf~^ is corresponding to one point in ltf\{Lfj^)* . Note that Lfjj 
and Lf^}"^"^^ travel in the same direction in each A^(V^/) by their orientations. Now 
we can assume that the tails of the arcs (with the induced orientation) in A^(V^/) H 
{Lfj,s U ^f,i,s~^'^^) contained in 9* if the corresponding intersections of It and 
{Lfj^y are negative. 

Because ^i,s is transverse to 0, ^i^^ fl NiV^) gives a foliation of Niy^) by annuh. 

Every Uf^j^J''^ has a foliation given by J'l^s H Uf^j^s'^ since ^1,^ is transverse to (j). 



One leaf of this foliation is given in Figure [TT 
Now we consider two cases. 

Case A The sign of every intersection of {Lf~^)* and C is negative. 
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Figure 14: n t/g;/'". 

Let J^'i g be the new surface fiber obtained by Dehn twist operations along T suf- 
ficiently large number of times in the direction opposite to the transverse orientation 



of Pi^s as we pass from d{ ^ to d^g Figure 13-1 shows P[ Uf\ in this case when 



L? . ^)* n C| = 1. As in |ABZj . we adjust P[ ^ by isotopy, and denote the resulting 



neighborhood of U'f^ ^'^ and fixes ^( ^ in a small regular neighborhood of dYi^s- Then 



surface bundle J^'{g. (c.f. Figure 14 ) This isotopy only changes ^{ ^ in a small regular 



Lfjl and Llrl^^"" are travel from the " - " to the " + " side of every leaf of ^1^. 

If \{Lfj^)* n C| > 1, we need wrap Uf^j^^'^ fl Pi^s more times, but in the same 
direction, since the sign of every intersection of (Lf^^)* and C is negative. Then 
we still have that, after isotopy, the new interval foliation in each Uf''~g^''^ given by 
^5>^'° ^ becomes transverse to Lj'r/ u Lf "i+^n 



Case B There are two intersection points of {Lf- ^)* and C with different signs 



Suppose that (L-^- )* only intersects one component of C, say k^,, twice in different 
signs, where to is a fixed integer between 1 and (r + l)/2. Uf^J^'^ (~^Vs^^ consists of two 
original circle fibers. Each of Lfr^nN{Vg^o) and niV(V;*o) are two arcs. The 

tail of one arc of Lf-} n A^(K*«) (^-^7/+^" n iV(V;*o)) lies in d{% and the tail of the 
other one lies in 82°^- Let ^ be the surface fiber obtained by Dehn twist operations 
only along V^" in the direction opposite to the transverse orientation of ^i^^ as we 
pass from 81°^ to 82°^. fl U'^'^~g'^ is as shown in Figure 
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2. 

21-1,0 ■ 



We perform an isotopy of ^( ^ in a small regular neighborhood of U^^^ ' in Yi 
say N{ljf~g'^), such that Uij~s^'^ H P[^g changes back to Uf^j^J^'^ H ^i^^- The isotopy 



is described as following. Push the whole arc AB (as shown in Figure 13-2) (like a 



finger move) along in Uf''- J^'^ in the direction opposite to the Dehn twist operation 



and the same times as the operation, meanwhile fix 8N{Uf''-^'^ fl P[ ^) all the time. 
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We still call the surface bundle P[ ^ after this isotopy. 

{Lf^^y may intersects two different components of C in different signs, and there 
may be more than one pair of different sign intersection points of {Lf~^)* and C. By 
a similar discussion, the new foliation of Uf^fg^'^ given by the new surface fiberation 
obtained by the Dehn twist operation corresponding to any pair of different sign 
intersection points will be the same as Uf^j~s^'^ fl ^i^^ after isotopy. 

Since i{{Lf~^)*,C) < 0, there are some other intersection points of {Lf~^)* and 
C with negative signs except for the paired different sign intersection points. Let P"^ 
be the surface fiber obtained by Dehn twisting along T sufficiently large number 
of times in the direction opposite to the transverse orientation of J^i^s as we pass from 
di g to ^2 g. By the above discussion and Case A, Lf ~g and Lfj^^'^'^"' are transverse 
to the new surface fibers, J^^^, after isotopy. □ 

Now we construct {li I < i < {r + l)/2}. 

Let li be the simple closed curve in a small regular neighborhood of /3_ in Fi, and 
equip /i the same orientation as L* ^. (c.f. Figure [T] and Figure [8|. (The small number 
next to the segment of iL{j)* is the index /.) We can see that {Lfj^)* fl /i 7^ if and 
only if {i-iiil) is as described in (SL and i{{Lf~^)*,li) = —1 in this case, by Remark 



Next, we construct {li : 2 < i < {r + l)/2}. Let Di^i be a disk in F centered at 
Ci^i with radius greater than e, 1 < i < r,l < I < k. Similarly, let Di be a disk in F 
centered at q with radius greater than e, k + 1 < I < n. At first, we construct some 
oriented arcs on {Di i : 1 < i < r, 1 < I < k} U {Di : k + 1 < I < n} such that they 
intersect L*j negatively, 1 < i < r,l < j < p, 7^ (1, 1). Then we connect them 
by arcs on Fi and parallel to some component of L*. The arcs on Di^i {D t ) are given 
as the following, l<2<r, l</<fc, /c + l<t<n. (c.f. Figure [tI and I 



Let Qi^i be an oriented arc on Di i fl Fi intersecting the following arcs negatively. 

(L2'+i,,J* l<i<(r + l)/2, 
{Lf-y (r + l)/2 <i<r, 

Let Ci^i be an oriented arc on Di^i fl Fi intersecting the following arcs negatively. 

{Lf-y l<z< (r + l)/2,l</< A;-l; 
ii+i \ 

.,{p-l)/2) 



iLltUnY {r + l)/2<i<T,2<l<k. 
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Let di^i be an oriented arc on Z)j / fl Fi intersecting the following arcs negatively. 

(^S-i)/2)*and l<i<{r + l)/2, 2<l<k; 

(^S-i)/2)*and (Lf +\)*, (r + l)/2 < z < r, 1 < / < A; - 1. 

ei,« (/ = A; + 1, ra) and /j^^ (I = k + 2,n - I) is defined for 1 < i < (r + l)/2. 
Let Ci^i be an oriented arc on Di fl Fi intersecting the following arcs negatively. 

^ ' 1<« < (r + l)/2. 

Let /j^; be an oriented arc on Di fl Fi intersecting the following arcs negatively. 

{(Lf^tU/^y : 2 < ^ < (r + l)/2} U mi^l.y,^,)* : 2 < ^ < {r + l)/2} if / = + 2, 
: 2 < z < (r + l)/2} U {(L^^^-/.^^/^^^)* : 2 < z < (r + l)/2} if / = n - 1, 
1 < z < (r + l)/2. 

We arrange fi^^i closer to q than fi^^i if ii < 12- (c.f. Figure |8 

(/ = A; + l,n) is defined for (r + l)/2 < i < r. Let Qi^i be an oriented arc on 
Di n Fl intersecting the following arcs negatively, (r + l)/2 < i < r. 

' (1^ 1) ^ (,^^_^-^) ^ ((^ + i)/2 _ - (p + l)/2), when l = k + l, 

{Lf+^y ((r + l)/2,(p + l)/2)^(zi,ji)^(z,p), when/ = A; + l, 

(LJt^)* (l,l)^(^i,ji)^((r + l)/2-(r-2),(p + l)/2), when / = n, 

_(4\_^.J* ((r + l)/2,(p+l)/2) -< ^ when/ = n. 

When 1 < i < (r + l)/2, connect the head of Oj^i and the tail of ej^„ by an arc 6j 1, 
and connect the head of Oj^; and the tail of Cj_i_i by an arc where 6,^1 and are 
arcs parallel to -^*(p+i)/2 ^ small regular neighborhood of -Z^*(p+i)/2 iii -^i- Give 

hi^i the induce orientation which is the same as -Z^*(p+i)/2; 1 < / < A;, 1 < i < (r + l)/2. 
When (r + l)/2 < i < r, connect the head of ai i and the tail of Cj^^+i by an arc hi^i, 
and connect the head of 0,^^ and the tail of Qi^k+i by an arc 6j fc, where hi^i and are 
arcs parallel to L*^ and in a small regular neighborhood of L*^ in Fi, 1 < / < A; — 1. 
Give hi^i the induce orientation which is the same as 1 < / < A;, (r + 1)/2 < i < r. 
(c.f. Figure [TI and Figure Isj) 



By Remark [273, 6,^/ intersects 

{Lf;'r and i{{Lf;'YA^{) = -1 l<j<{p- l)/2, 



(L^,^-^)* and t{^ti'rA^ = -1 (P + l)/2 < J < P, 
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(10) 



when 1 < Z < A;, 1< i < (r + l)/2, and 

{Lff'ye.ndz{{Lf;yM,i)^-l 1 < J < (p - l)/2, 
(L^-'r and iim^r^r, h,) = -1 (p + l)/2 < j < p, 

when 1 < / < A;, (r + l)/2 < i < r. 

Now wc connect all these arcs by arcs in a small regular neighborhood of L* to 
construct (r — l)/2 simple closed curves as following. Note that these connecting arcs 
are mutually disjoint and do not intersect L* . 

When 2 < i < (r + l)/2, connect the head of and the tail of by an arc 
in a small regular neighborhood of -^*(p_i)/2 parallel to -^*(p_i)/2> 1 < ^ < ^ — 1; 
connect the head of di^i and the tail of aj^;_i by an arc in a small neighborhood of 
^r,(p+i)/2 and parallel to i^*(p+i)/2, 2<l<k. 

When (r + l)/2 < i < p, connect the head of Ci^i and the tail of by an arc 
in a small regular neighborhood of L*.p_^ and parallel to 2 < Z < /c; connect 

the head of di^i and the tail of aj^/+i by an arc in a small regular neighborhood of L*p 
and parallel to L*^, 1 <l <k — I. 

Connect the head of ej^„ and the tail of /i,n-i by an arc in a small regular neigh- 
borhood of -C'*+(r_i)/2,p and parallel to L*+^r-i)/2,p^ ^hen 1 < i < (r + l)/2. 

Connect the head of /i,n-i and the tail of gr+2-i,n by an arc in a small regular 
neighborhood of L\^^ and parallel to L\^^, when 1 < i < (r + l)/2. 

Connect the head of gi^n and the tail of Cj^i by an arc in a small regular neighbor- 
hood of L*p and parallel to L*p, when {r -\-l)/2 < i <r. 

Connect the head of gi^k+i and the tail of fr+2-i,k+2 by an arc in a small regular 
neighborhood of L\^^ and parallel to L^_^, when 1 < i < (r -|- l)/2. 

Connect the head of fi^k+2 and the tail of ej^jt+i by an arc in a small regular 
neighborhood of L*_^(^_i)/2,p parallel to L*_^(^^_^y2,p^ when I < i < {r + l)/2. 

Connect the head of ti^k+i and the tail of Oj^fe by an arc in a small regular neigh- 
borhood of -^^*(p+i)/2 and parallel to L*{^p+i)/2-: when 1 < i < (r -|- l)/2. 

The following diagram shows the construction of /j, 2 < i < (r + l)/2. 

, K(p-l)/2 ^i,(p+l)/2 K(p-l)/2 

0'i,k f^i,k Ci,k-1 > <J'i,k > 0'i,k-l Oi,k-l ^ Ci,k-2 > 

Ti* T* T * 

, , z+(r-l)/2,p „ -^1,1 '-'r+2-i,p , 

• • • — >■ Oi,i — >■ Ci^n > Ji,n-l > gr+2-i,n > 0'r+2-i,l — >■ Or+2-i,l — > 

^r+2-i,p-l , ^r+2-i,p , ^r+2-i,p-l , 

Cr+2-i,2 > "r+2-i,l > (lr+2-i,2 ^ Or+2-i,2 ^ Cr+2-i,3 ^ "r+2-i,2 • • • 
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^1,1 

0'r+2-i,k br+2-i,k^gr+2-i,k+l ~^ fi 



k+2 



^i + {r-l)/2,p 



■^i,(p+l)/2, 



The connecting arc is parallel to the component of L* above the arrow, (c.f. 
Figure [7] and Figure [8|) 

Now we finished the construction of 1 < z < (r + l)/2. Note that {k : 1 < 
i < (r + l)/2} are mutually disjoint and {L*j ■ I < i < r,l < j < p, (1, 1)} 

intersects k negatively, 1 < z < (r + l)/2. (c.f. Figure [T] and Figure |8| 

Recall L n Fi,, = {Lj^r^ u Lf+'''-\ J, /) e C}, C = {(2, j, /) : 1 < z < r, 1 < 
j < P, 7^ (1, 1), 1 < / < ra}. C = {h : 1 < i < {r + l)/2}. By the construction 



of C, the sign of every intersection point of {Lf- ^)* and C is negative, G C 



We want to show that {Lfj ^)* DC 0, (i, j, I) G C. The following remark gives the 
detail. 



Remark 2.6. When i = 1, 1 < j < p, 1 < / < (Lj'"^)* nhj^iD by ^. 
Consider 1 < i < (r + l)/2. 



When I 



{Lf-y n /i ^ tfl<j<{p+ l)/2, hy 



(Lf-'y n 60 7^ zfip + l)/2 < J < p, dlOl); 



{Lf^f^y n ^0 z/ 1 < J < (p + l)/2, 6?/ (|10|) 



VF/ien 2<l<kA 



21-1 
id 

2l-l\* 



n a. 



^0 ^/j = (p + l)/2, &?/(9); 



{Lfr'ynh,^i^% if{p+l)/2<j<p, by (10); 



When 1 = k + l,< 



{Lfr'y n ^0 z/ 1 < J < (p + l)/2, 6?/ dlO|; 
(Lf ri)* n a,,,. ^0 tf3 = {p+ l)/2, (0); 



{Lf-'y nhy^^ zfip+ l)/2 < J < by <\5h 



When k + 2<l<n, {ifr^y n /i 7^ 0, by (fsl). 



Consider (r + l)/2 < i < r. 



VF/ien / = 1, < 



n/i7^0 z/l<j<(p + l)/2, 62/(5) 



n6,-i^0 if{p+l)/2<3<p, by 
na^,i ^ ifj=P, by (9); 



ty/ien 2<l< k,< 



[Lfr^ n ^0 z/ 1 < J < (p + l)/2, 62/ (10); 

z/(p + l)/2<j<p, 6?/ (10); 



{Lfjynai,i^% zfj=p, byp^ 
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(L^'ri)* n ^0 ifl<j<ip+ l)/2, by (|ll|); 



VF/ien / = + 1, 



z/(p+l)/2<j<p, &?/(5); 



VF/ien k + 2<l<n, (Lf-^)* n /i ^ &?/ fl. 



By Claim 



2.5 



we can perform Dehn twist operations to Fi along F, such that the 
link L — U -f'1,1,2) is transverse to the new surface fiber bundle everywhere. 

Then the exterior of L in y is a surface bundle. Moreover, this exterior is a finite 
cover of the exterior of K in Wk, which is a free double cover of the exterior of K in 
S^. Thus K is virtually fibered. 



Now we finish the proof of Theorem 1.1 in Case I, when i^T is a classic Montesinos 
knot. 



2.2 K has two components 

The proof in this case is generated from the proof when is a knot, similar to Sec. 
6.2 of |ABZj . We only give the outline. We still use the same notations introduced 
in 2.1. 

K has two components, so /| : K ^ K* is a trivial 2-fold cover. Then L = \E'~^(ir) 
is a geodesic link with 2pr components. Let L = {Ljj : 1 < i < r,l < j < p,t = 1, 2}, 
where f{Ll^ULl^) = Ll^. 

Let M he the complement of in Y. We have M = Yi U M2, where M2 = 
f-\Ll,x[-e,e])-N{Ll,). 

H2 and Hi are constructed by the same way as in Sec 6.2 of |ABZj . Note that 
is a new circle fiber in the Seifert fiber structure of M2, so it is transverse to the 
surface fiber J^2- 

As in Sec. 2.1, Yi and M2 separate L*^ into 2n arcs and separate L* - into 2{n — k) 
arcs, 1 < 2 < r,l < J <p,(«,j) ^ (l,l),t = 1,2. fil^UL^^ = (L^*, G 
B,t = 1,2. Now L\^^ only intersects the original fiber once, so Ufj^ = f~^{{Lfj)*) H 
M2 is a once-punctured annulus, and there is only one singular point on Uf^-^ as 



shown in Figure 15 (c.f. Figure 11 in Sec 6.2 of |ABZj ). G B. The following 



construction is the same as Sec. 2.1. The proof of Theorem 1.1 in Case I is finished 
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original 
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-^2 n u, 



21,0 



'21 

Figure 15: Foliation of f/^y when K has two components. 

3 Proof of Theorem 11.11 in Case II. 

In this section we prove Theorem 



1.1 



when K = K( — , — ) with p = 2m, 

p p p 

where m is odd, and n > 4 even. We do not consider the case when p = 2 and n = 4, 

since it is already proved in |ABZ] . K is of type SL2 if eilVx) = —{<li-\ ^1n)/v 7^ 0, 

by 0. 

This proof also follows the outline of Sec. 6.1 of |ABZ] . Recall that {Wk,K) is 
the 2-fold branched cover of {S^, K). Wk has a Seifert fiber structure: / : Wk Bk- 
Bk is a 2-sphere with n cone points and the order of every cone point is p. f{K) = 
K*. K* is an equator geodesic which goes through all n cone points {ci, C2, . . . , Cn} 
successively. The fundamental group of Bk is Fi. 

Fx = {Xi, X2-, ... 5 Xn '■ Xi = X2 = • • • = X^ = X1X2 • • • Xn = 1}. 

Xi presents dN{ci), where iV(cj) is a small regular neighborhood of q on Bk, 1 < i < n. 
Let B'j^ = Bk — U^^-^^N{ci), an n-punctured sphere. Wk is constructed by gluing 
solid tori along the boundary of B'^ x S^. Let h he a simple closed circle in Wk 
representing the factor. The meridian disk of the solid torus is attached to the 
circle on dN{ci) x of slop x^h"^', 1 <i <n. Then 

TTiiWK) = {Xi, X2, . . . ,Xn,h : X^h''* = [Xi, h] = X1X2 ■ ■ ■ Xn = 1,1 < i < n}. 

Since p is even, K has n components by Then K also has n components 
denoted {Ki, K2, . . . , Kn}. f{K,i) is the segment of K* between two cone points. 
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Figure 16: F\ when n = 6. 

1 < i < n. Suppose that Cj and q+i are two end points of f{Ki), 1 < i < n. (We 
always consider the index i as mod n.) By the construction of Wk, Ki corresponds to 
the element = in Fi. (gj andp are relatively 

prime so qi is odd. Then (g^ + gj+i)/2 is an integer.) If we think K* as a 1-orbifold 
and the cone points as mirror points, f\:K^ K* is a 2-fold orbifold cover. 

At first, we construct a proper covering space of Bk, ip : F Bk, such that F is 
a smooth oriented closed surface. We also construct this cover by two steps. 

Since n is even, there exists a homomorphism: /ii : Fi — > Z2, where 

hi{xi) = 1, 1 <i <n. 
Let ipi : F' Bk be the covering space of Bk corresponding to hi. F' is the two- fold 



branched covering space of Bk with the branch set {c'^^, C2, . . . , c'„}, (c.f. Figure 16), 
where c[ = ipi^{ci), 1 < i < n. is a cone point of order m, 1 < i < n. Let F2 be 
the fundamental group of F'. F2 has the following expression: 

9 

F2 = {ai, 61, . . . , ag, bg,yi, . . . ,yn : = ■ ■ ■ = Vn = Ht"*' = 1} 

where yi is represented by a small circle on F' centered ai c'^, g = n/2 — 1, 1 < i < n. 

The covering transformation Ti is a rotation with angle vr about the axis which 
punctures F' at the points {c[ : 1 < i < n}. ipi'^{K*) has n components, {L^, L^, . . . , L* }. 
L* is a geodesic and goes through c'j and c'j_,_]^, 1 < i < n . We have the following 
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n = 6 




Figure 17: {L^, Lg, . . . , L* }, when n = 6 and n = 8. 



result: 



L* n L* 



4- 



if i 

if ^ = J + 1, 

otherwise. 



:i2) 



If L* and L* intersect at point P, we define the angle between L* and L* at a point 
P to be Z{L*,L*). ( i.e. If we rotate L* to L* around P counterclockwise in a 
small neighborhood of P, the angle that L* passes through is Z{L*,L*).) Note that 
we require Z{L*,L*) G [0,27r). Then AL*,L*) = 27r - Z{L*,L*). Orient F' and 
{L* : 1 < i < n}, such that Z{L*_^,L*) = 27r/4m = n/2m at c'^, (note that c- is a 



cone point of order m), 1 < i < n. Figure 17 gives examples when n = 6 and 8. 
There is a homomorphism /i2 : r2 — > Z/m which is defined as following. 



If 1 < z < n/2, h^iVi) 



1 if z = 4s + 1 or 4s + 2, 
-I if i = 4s or 4s + 3; (13) 

if n/2 <i< n, /lad/i) = - /i2(l/n/2-(i-n/2-i)) = -/i2(yn-i+i), 

where s G Z. Let '?/'2 : be the covering of F' corresponding to /i2 where F 

is the covering space. Since the order of h2{yi) is m that is equal to the order of the 
cone point c'^, F is a smooth closed orientable surface without cone points, 1 < i < n. 
Denote q = ^o^^i'^'i)^ 1 < i < n. 

The preimage of L* is a set of m geodesies {L*^,--- ,L*^}, 1 < i < n. Let 
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Figure 18: {L*j '■ 1 < i < n,l < j < p/2}, when p = 6, n = 6. 

L* = tp2\K*). Then L* has nm components, denoted by L*j, 1 < i < n,l < j < m. 
Each L*,j goes through 2 points q and q+i, 1 < i < n, 1 < j < m. Let T2 be the 
deck transformation of iIj2 corresponding to 1 G Z/m. We may assume that = 
T2{L*j), 1 < i < n,l < j < m. Orient L*^, such that Z(L*_i L*;^) = 7r/2m. Then 
give L*j the induced orientation, 1 < i < n,l < j < m. F admits an orientation such 
that T2 is a counterclockwise rotation near the fixed points q by 27c/m if h{yi) = 1, 
1 < z < Then T2 is a clockwise rotation near the fixed points q by 2Ti/m if 
^(z/j) = ~1) 1 < z < By the construction of F, {L*j '■ 1 < i < n,l < j < m} 
only intersect at {q : 1 < z < n}, and L*_^j-^ H -^v*2j2 7^ if and noly if \ii — 22! < 1, 
1 < '^i,'^2 < 1 < ji,j2 < m. In addition, when L*^j^ fl L*^^^ 7^ 0, if ii 7^ ^2, 
L*^_j-^ n L*^j^ = Ci where i = max{ii,i2); if ^1 = ^2 = i, Llj^ n L*,,.^ = Cj U Cj+i, 



1 ^ "^2; < 'T-, 1 < Ji; J2 < See Flgure 18 for p = 6, n = 6. The following remark 
gives the detail. 

Remark 3.1. We assume that i,i + l,i — 1 is in Tj/n. 

Ifh2iyi) = l, 

/(T* T* \- ^ , (i - r* A _ 

2m m ' m 

/(r* r* )- , (izil^ i<,<m 
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Figure 19: Construction of Y'. 
Z(L, 1, ,) = 27r - — , Z(L,; 1 , L, •) = 2tx 



7^ _ (j - l) 27r 
2m m 



Z(L*i, = 27r + — - , 1< J < m. 



Next we want to construct a covering space of Wk- There is a nature homo- 
morphism: : 7ri(iyft-) — )• 7ri(i3ii') by sending /i G 7ri(iyft:) to 1. The covering 
^1 : y — is induced by the composition hi o h^. F' is the base orbifold of Y' . 



We have the diagram (Figure 19) is commutative, similar to the diagram (5) in 
Sec. 2 of jXBZ] . 

Recall that K has n components, and the fundamental class of every component 
Ki is (xia;i+i)'"/i(«>+'?'+i)/2. 

Then \E']^^(f^j) = Lj has two components, 1 < i <n. '^^^[K) is a geodesic link, and 
it has exactly 2n components. Then L* is the Seifert quotient of Lj, and Li is a 2- fold 
trivial cover of L*, 1 <i <n. 

Similarly, let \E'2 : V — be the m-fold covering of Y' induced by /i2 and the 
Seifert structure of Y' . Since m is odd, by the similar discussion in Sec. 6.1 of |ABZj . 
the preimage of every component of Li has m components. Define \l/ = o = 
4'ioip2- \E' : F — )■ Wk, ip : F ^ Bk- Y has a locally-trivial circle bundle structure. Let 
/ : F — )■ F be the Seifert quotient map. Let L = \E'^^(_ft'). L has 2nm components. 
Denote 

L = {Lij^k '■ ^ ^ i ^ n,l < j < m, k = 1,2}. 
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f{L) = L*. L* has nm components. We may suppose that f{Li j i ULj ,,- 2) = L*j, 1 < 
n,l < j < m. Lij^i U Lij^2 is a 2-fold trivial cover of L* j, 1 < i < n,l < j < m. 

We assume that the index i G Z/n, j G Z/m for i,j in Li j^ or L*^-. 

Next we want to prove that the exterior of some components of L in F is a surface 
semi-bundle. Since p is even, K has n components. There is no component of L* 
which goes through all q's, but there are n/2 mutually disjoint components of L*, 
{L^i^ii : 1 < « < n/2}, pass all Cj's, 1 < i < n. Different from Prop. 2.2, we need 
consider the exterior of more than one components. 

Proposition 3.2. The exterior o/ {L2i_i,i,i : 1 < i < n/2} in Y is a surface semi- 
bundle. 

Before we prove this proposition, we introduce some notations and preparations. 
We can reorient {L*j : I < i < n,l < j < m} so that 

^(^2i-i,i'^2i-i,jiJ = Lli-2,j2) = sign{h2{y2^-l)) at C2i_i ^^^^ 

^(^2i-i,i>^2*-iji) = ^(^2i-i,i>^2ij2) = sign{h2{y2i)) at C2i 



1 <i < n/2, 1 < ji < m, 1 < j2 < m. i.e. At C2i-i, 

^(-^2i-l,l) L*2i-ij)-, Z(I/2i_l,l, L*2i_2j)., Z(I/2i_l,l, -^2i-2,l) ^ 

and at C2i, 

^(-^2i-l,l' -^2i-l,j)' ^(-^2i-l,l' -^2i,j)' ^(-^2i-l,l' -^2i,l) ^ 

1 < 2 < n/2, 1 < j <m. 



(7r,27r) if /i2(y2i-i) = 1, 
(0,7r) if /;,2(y2i-i) = -1, 



>r,27r) if /i2(l/2i) = 1, 
(0,7r) if /i2(2/2i) = -i 



By Remark 3J-, we need to change the orientation of the components of L* in 
Table [H 

At first, we consider the case 4\n. In this case, /i2(y4i-3) = ^2(1/44-2) = 1 and 
^2(l/4j-i) = ^2(^/41) = —1, by (13), 1 < i < n/4. By Table [l| we need to change the 
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At C2i_l 


At C2i 


^2(l/2i-l) 


1 


-1 


h2{.y2i) 


1 


-1 


r* 


1< J < ™2^^ 


1< J < ™2^^ 


T* 

^2i-l,j 


1< J < "2^^ 


1< J < "2^^ 


T* 

^2i-2,j 


1< J < 


1< J < '"'^^ 


T* 


1< J < ""^^ 


1< J < "2^^ 



Table 1: The components of L* whose orientations need to be changed {1 < i < n/2) 



orientations of the following components of L*. 

Tfl ~\- 1 Tfl ~t~ 1 

1< J < } U {^li-4,i, 1< J < } at C4i-3; 

Tfl -\~ 1 777- 1 

{^:.-3j, 1< J < } U {i^:.-2,i, 1 < J < } at C4._2; 

Tfl "h 1 -|- 1 

1< J < } U {Ll,_^j, l<3< } at C4i_i; 

Tfl -h 1 777. -[- 1 

{Ll^-i,r 1< J < } U {L:,^,, K j < ^— } at C4,. 

In summary, when 4|77, we need to change 

Tfl ~h 1 77 

{4-, : 1 < ^ < ^, 1< J < } U {L:,_2,i : 1 < ^ < -}. 



Next, consider the case: 4 fn. According to (13) 
When l<i< n/2,h2{yi) = 



1 if 2 = 1 or 2 mod 4, 
— 1 otherwise. 



-1 if i = 1 or 2 mod 4, 
1 otherwise. 



When n/2 < i < n, /i2(z/j) = 
According to Table [T| we need to change the orientations of the following components 



of L*. 



When 1 < z < n/2, < 



m+l - 



-IJ' 



m+l ^ 



m+l ^ 



m+l T 
2 J ' 


if Z 


= 1 mod 4; 


m+l T 
2 J ' 


if 2 


= 2 mod 4; 


m+l T 
2 J ' 


if 2 


= 3 mod 4; 


m+l \ 
2 J ' 


if Z 


= mod 4. 
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Figure 20: Reorientation of {L* , : 1 < i < n,l < j < m}. 



When n/2 < i <n, < 



{L*^, 1< J < r^} u {LU,j, 1 < J < if ^ = 1 mod 4 

{Lti,,, K J < ^} U {L*^, 1< J < if z = 2 mod 4 

{L*^, K J < ^} U 1< J < if z = 3 mod 4 

1 < J < ir^} u {Ll^, 1 < J < if 2 = mod 4. 



Note that there is no conflict if one component L*j connecting two points Cj and Cj+i 
when i,i + 1 both greater than n/2 or both less than n/2, 1 <j <m. Now we check 
that goes through c„/2 and Cn/2+1, 1 < j < "o^- 4 f n, so n/2 is odd. From the 



"n/2J 



above discussion we need to change {Ll^/2j '■ ^ ^3 — ("^ + l)/2} at both Cn/2 and 
Cn/2+i- Then this reorientation works when 4 f n. 

In summary, when 4 f n, we need change 

{L*^.:l<^<n,l<j<^} 

71 Tl 

U{L*i : 4|(i - 2) and 1 < i < -,or 4|2 and - <i <n}. 
In the following discussion, we consider {L* ■ :l<i<n,l<j< m} with the new 



orientation. Figure 20 shows the new orientation when p = 6,n = 6. 

By the construction of F, {i^2i-i 1 • 1 < ^ ''^/2} are mutually disjoint. Let 
F2 = L2i_i I X [— e, e], where e is a small positive number such that are mutually 
disjoint, I < i < n/2. Denote dF^ = /3i U where (51 = L*i_i ^ x {-e}, P\. = 
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^2i-i 1 ^ ^ ^ ^ ^f^- We may suppose that /31 is on the left side of L2i_i i- 
Define 

n/2 °. 

F, = F-{UFi). 

1=1 

Set A = {i, j : 1 < j < m when i = 2s,or 1 < j < m when i = 2s — 1.1 < s <n/2}. 

L*j is separated into four parts by Fi and {F^ : I < i < n/2}, denoted by {{L^ j)* : 
1 < A; < 4}, G A. U {Li_,^,y C F^^ and C2._i G (L^.^^^^.)* and 

e 1 < ^ < n/2, 1< J < m. C2.+1 G C F^^+i and C2^ G (L|^^.)* C 

F^, I < i < n/2,1 < 3 < m. (Llj)* U (Lf^^)* G Fi, G A. We assume that 

(Llj)*, (Ljj)*, (L^j)*, (Lfj)* are connected successively along the orientation of L*^-, 
G A. In Figure 20, the small number next to the segment {L^j)* is the index fc, 



{i-ii) G A, 1 < A; < 4. Then we have the following remark. 
Remark 3.3. l<i<n/2. 

Ifh2{y2i-i) = h2{y2i) = I, (Lh-ij)* and (^2i-i,j)* are from P\ to 1 < j < m. 

Ifh2{y2i^i) = h2{y2i) = -I, {Li^ijY and (^2i-i,j)* are from /SI to 1 < j < m. 

Ifhiy2i-i) = -i,/i2(2/2i) = i, (Lli-ij)* from l3\_ to I3\, and {Ll^^^j)* zs from 
131 to (31,1 <j<m. 

Ifh2{y2i-i) = i,/i2(y2i) = -1, (Lli-ij)* from (3l to (3i, and (^Lij)* «s from 
I3\ to (3\,l <j<m. 

When h2{y2i) = l,/i2(l/2m) = "1, (^2„)* ts from I3\ to l3'+\ (Li-^.)* ^s from 
to (31^, 1 < j < m. 

If h2{y2i) = -i, h2{y2r+i) = I, {L\^^,y ts from {31 to (3'+\ {Ll^^)* ts from (3f^ to 
1 < j < "m.. 



{(^2i-i,i)* : K J < m}^{{Lli-2,j)* ■^<3 <m} IS from 



/3i to/3; z//i2fe-i) = l; 

z//i2(y2.-i) = -i. 
/3i to(3\ tfh2{y2i) = l] 
/3\to/3l if h2{y2^) = -I. 



We need the following lemma for Proposition 3.2 
Lemma 3.4. Fi is connected. 

Proof: Suffice to prove that the boundary components of Fi, which is the set {(3^_ U 
1 < "i < ?T-/2}, can be mutually connected to each other by arcs in Fi. 
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From Remark 3.3, P]^ and /31 are connected by (-^2i-i j)*' 1 ^ ^ ^ '^/2, 1 < j < m. 
(3t_ and are connected by (-^^2j,j)* (-^Lj)*' 1 < < "'/2, 1 < j < Similarly, 
(3\_ and /3!,:^^ are also connected by (-^2ij)* i^li.j)*^ ^ < i < n/2, 1 < j < m. □ 

Let T* = /^"'^(-^^2i-i i) Y, which is a vertical torus over Lgj.^ i, 1 < ^ < 
Then Lij t is transverse to T* for all (z, j) G A and t = 1, 2. Since -^V2j„i ^ is a geodesic, 
the torus T* is a totally geodesic torus which inherits a Euclidean structure from the 
SL2 structure on F, 1 < i < n/2. 



Next we give the proof of Proposition 3.2 



Proof of Proposition 3.2 



Suppose 1 < i < n/2 in this proof. 

Let Y2 be the submanifold of Y lying over Fg. 1^ = f'^i^li-i 1 ^ [~^) f])- 



n/2 ° . 

= r - ( u F2* 

i=l 



is the submanifold of Y lying over Fi. By Lemma |3.4[ Fi is connected so Yi is 
connected. Define 

r=r'm, Ti = f-\px)- 

Let Yq be the union of Yi and {1^2* : 1 < < n.2} where Y2 is glued to Yi along 
Tl. By construction, each Seifert fibration of Iq? Yi, and 1^2* is a trivial circle bundle. 
Let Fq be the base of Yq in the Seifert fiber construction. Fq is obtained by cutting F 
open along {/3+:l<'i<ri/2}. We give the circle fibers of Yq a consistent orientation. 
Choose a horizontal section Bq of the bundle Iq — ^ -^0 such that T* fl -Bq is a geodesic. 
Let Bi = Bq r\Yi, B\ = Bq r\Yi. Fix an orientation of Bq and let Bi, B\ and their 
boundaries have the induced orientation. We denote the tori by T{_|_ and Tgj. 
when we think of them as the boundary components of Yi and Y2 respectively. Let 
_i_ be a fixed circle fiber in the torus _|_ for /c = 1, 2. Let _|_ = -Bq H _|_. Then 
= 4,- = and {4 ±,0t,±} forms a basis of Hi{Ti^), k = 1,2. 

The Seifert manifold Y can be obtained by gluing Yi and 1^2* along Tl and T^. 
Suppose ^f!]. : T2 _|_ — )■ T{ _|_ is the gluing map satisfying the following conditions. 

= -"1,+ + e>i,+, (^7+)*(02,+) = 01,+, 

where Y^iL^ = e G Z is the Euler number of the Seifert bundle Y ^ F. Since 
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Y — )■ Wk is a p-fold cover, 

e = pe{WK) = -p{^ + ^- + --- + ^) = -{qi + q2 + --- + qn). 
p p p 

Qj is odd because p is even and gcd{p, qj) = I, I < j < n. Then e = —{qi+q2-\ \-qn) 

is an even number since n is even. For convenience, we may assume 

e' = 2q,l<i<^; e"/^ = e' = e - 2g(n/2 - 1) = e - g(n - 2), 

where g is a nonzero integer so that e' 7^ 0. Note that e! is even since e and n are 
both even. 

T* is also fibered by geodesies isotopic to -^^4,1,1. There is a nevj fibration of Y2 
corresponding to the new fibration of T*. Suppose F\ is the base space of the new 
fibration of 1^2*- We call the fiber of Y2 in this new fibration structure nevj fiber, 
and denoted 0*. Fix an orientation for the new circle fibers. Note that the other 
component of f''^{L*j), -^^4,1,2; is parallel to so 1 2 is also a new fiber. We call 
the circle fiber of from the original fibration of Y the original fiber, denoted 0*. 
Let B2 be one horizontal section of Y2 — )■ F2 such that B2 fl T* is a geodesic. 

Let A^* be a regular neighborhood of in Y2. We may assume that A^* is 

disjoint from other components of L. Note that A^* is consists of new fibers. Let 

o o 

= Fa - N\ M = Y - u'^Hn' = Fi U (U^iiM^) 

M is the exterior of {L^^ij : 1 < i < n/2} in Y. dM^ = Tl_ U Tj^+ U T^q, where 
T2Q = dN^. M is a graph manifold with boundary U"^^T2o and characteristic tori 
{Ti U Ti : 1 < i < n/2}. Let B'^" = B^n which is an annulus with one puncture. 
Orient i?2° and give the new fiber of a fixed orientation. 

Define to be the component of (9^2'* in T25, and 02 s to be a fixed new fiber 
in T2 g with the given orientation, s = — , +, 0. Then {0:2 ±, 02 ±} forms another basis 
for i^i(T2 _|_), and {tta.c </'2,o} foi'ms a basis for HiiTl o). 

As in the proof of Prop. 6.1 in |ABZ] . we use the method introduced in |WY] to 
construct essential horizontal surfaces Hi in Yi and H\ in Mg. 

Suppose that the old basis {(y.2-i'p2-} of -^1(^2,-) the new one {a2-5<^2,-} 
satisfies the following relation. 

4 _ = a'a\ _ + 0*2,- = c'q^2,- + c^Vl-, 
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where a\b^,d, are integers. We may assume that a^d^ — 6*c* = 1, by reversing the 
orientation of the original fibers if necessary. For convenience, we can suppose that 
ai = a2 = ■ ■ ■ = a"/2 = a, = b'^ = . . . = 6«/2 = 5^ = = ■ ■ ■ = c"/^ = c, and 
d^ = d^ = ... = d"/2 = d. 

In M2, we have cig _ = — + ^^'^ ^^2 - = </'2 +• Thus 



The gluing maps : T2 _ — T^* _ and : T2 ^ — )■ T[ can be expressed as 

(^-)*(«2,-) = -aai,- + (^i)*(02,-) = -cai,- + M,-! 

(^V)*("2,+) = + - (^+)*(02,+) = cai_+ + (rf - ce*)01^+. 

Let and be the associated matrices corresponding to g\ and g\ respectively. 

\ — c dl \ c d — Iqc 

\— c ay \ c a 

when 1 < i < n/2. 

^n/2 / n/2x / " « 6\ „/2 , nl2x / " « ac' — b 

' = ^* = -c J ' ^+ = = c rf-ce' 

-c a J \ c a 

M is a graph manifold. The JSJ-decomposition of M consists of n/2 + 1 vertices 
corresponding to Yi, , M|, ■ ■ ■ , M^''^, and n edges corresponding to Tl's and T|'s. 
By |WY] , every non-zero solution of the following equation gives a horizontal surface 
of M. 



(Y-Z) 



( A \ 

Ai 

V ^«/2 ] 



V * y 



, A, Ai, ■ ■ ■ , A„/2, * G Z, 



where Y and Z are {nj2 + 1) x [njl + 1) matrices defined on page 450 of jWY] . The 
entries of F, and Z are decided by the gluing matrix. Let Y = {yjua}' 1 — Ji; J2 < 
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n/2 + 1. According to |WYj . we have yij = i/j^i = -,2 < j < n/2 + 1, and other 
entries of Y are all zeroes. 



Z = diag{zi, Z2, - ■ ■ , Zn/2+1) is a diagonal matrix with 

n/2-1 



n/2-1 



,d 2qc — d^ 



, (i ce' — d. 

+ - + 

c c 



n/2-1 

+ e' = 2q{- - 1) + e' = g(n - 2) + e' = e, 

i=i 

a a n 

=0,2<j<- + l. 

c c 2 



2qc 

c . 



According to the equation (1.6) of |WY] . we have 



f-e 


2 


2 


■ -\ 




c 


c 


c 


2 













■ 


■ 


c 








2 













■ 


• 


c 








2 








\c 





■ 


■ V 



( X \ 

Ai 
A2 

\A„/2y 



V*/ 



(n/2+l)x(n/2+l) 



2— 2- 2- 
-eA + -Ai + -A2 + ■ ■ ■ + -\n/2 = 
2 c c c ' 

-A = * 



(15) 



We may assume Xj = qcX, 1 < j < n/2. 



From (15), we have 



2 n 

-eA +-[(-- l)gcA + A„/2] = 

2- 

[-e + (n - 2)g]A + -A„/2 = 
2- 

-e'X + -A„/2 = 
c 



Then 



1 = 1 h 

Xj cq X 1 



cq n X 

-,1<J<- — 



2 A 



n/2 



ce 



2' A 



n/2 



ce'' A 



(16) 



Suppose that 



dHi = uti^a\^ 
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on with respect to the basis {a\ (f)\ _^}, and 



'2 — "^"2,5 "T ^s02,s5 



on Tj with respect to the basis {0:2,5, (p2,s}^ ■s = — , +, 0. Then there are e*_, e!,_ G {±1}, 
so that equation (1.2) of |WYj becomes: 

f_ e'lAj d id t!_ e*_A a —e'^—acq 

M_ —Ac c c n_ — AjC — c c^g 

_ e+Ai 2cq - d _ ^ d ^V-^ a _ + acg 

Ac c c u\ XiC c c^q 

when 1 < z < n/2. 

n/2 \ r, n/2 / 

e_ A a — 2e_ — ace 



^n/2 


n/2\ 


d 


n/2 1 

— e_ ce 


-2d 


^-n/2 


n/2 

U_ 


-Ac 


c 


2c 


1 


-n/2 
U_ 


n/2 
^+ 


n/2v 
e+ ^n/2 


ce' - 


d 2d 


- (2 - e:/')ce' 


jn/2 


n/2 


Ac 


c 




2c 


-n/2 



-K/2C -c c^e' 

1/2 ■> r, ri/2 , I 

I A a 2e , + ace 
t — + - = - 



^/2C C C^e' 

Since ifi is a horizontal surface, y^r''?(^ H — ^) = 0. Then 

— —1 

4^, , d d. -eTce' -2d + 2d-2ce' + el^^ce' ^ 

- - + ^(^v - 2) + -) + Yc — = ° 

i=l 

— — 1 



From the above equation, we may assume that e!_ = —1, e^_^ = 1,1 < i < n/2. 
Then 

f_ d t\ d f_ 1 — acq t\ 1 + acq n 

— = 1- = -1 + -'^ — = 2 = 2 .l<«<o- 

u_ c c u_ c^q u\ c^q 2 

ce'~2d tT ^d-ce' 2 -ace' r'^ 2 + ace' 



„^/2 2c \"/2 2c ' c^e' c^e' 



p/2 


2 












^0 



I = -(1^ + % = -(l^^£i±i±^) = -i-. 1 < , < „/2. 

Uq u__ u\ c^q c^q 

rj'' _ ^rj^ ^+\_ ,2- ace' + 2 + ace' ^_ 4 



n/2 \,-,"/2 ^^"/2^ ^ c^e' ' Q^^l' 
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t'_ = q - 1 


t\ = l-q 


V'_ = \- q 


tV = 1 + g 


= -2, 2 t g 


tl = -l,2 


g 


uL = 1 


u\ = 1 


= q 


u\ = q 


4 = g, 2 t g 


= g/2,2|g 


= --1 
2 


71 

tl = \-- 


P = 1 - - 
2 


n p' 

1 1 = 1 + - 
+ 2 


t| = -2,4te' 


n 

f 2 — — 1 4 


e' 


n 

ul = 1 


m| = 1 


e' 

M = — 
2 


e' 

"-^=2 







Table 2: The boundary slope of Hi, H2 and H!^^"^, where 1 < z < n/2 



Recall that is a 1-fold cover of L*^, so c = 1. By (16), A = 1, Aj = g, 1 < i < 



e' 



n/2. Xn/2 = — , is a set of solution of (15). (A„/2 is an integer since e' is even.) We 



can take 6 = 0,a = (i = lby choosing proper horizontal sections. The slopes becomes 
f t\ il 1-q i\ 1 + q -2 

— = g-i, — = -g + i, — = , — = , — = — , 

u_ u\ u_ q u\ q Uq q 

when 1 < i < n/2. 

t^_e^ _ -e' + 2 ^_2_-^ _ 2 + e^ ^ _ _1 

n/2 ~ 9 ' n/2 ~ O ' -n/2 ~ ' -n/2 ~ ' -n/2 ~ 

U_ ^ Uj/ ^ U_ ^ Uj/_ ^ Uq ^ 

We can determine , , , , and Mq, as in Table |2} 

n/2 . 

From |WYj . = —e\ implies that H = HiVJ {(j H^) is non-orientable, so M is a 

i=l 

surface semi-bundle. □ 

Without further notice, we consider l<'i<r;,/2in the following discussion. 

The construction of ifg is the same as the construction of H2 in Sec 6.1 of |ABZj . 

1 — g 1 + g 
HI is a surface which interpolates between the slope on and on Tl, 

g -g 
2 g/ 

l<i< n/2. H^' is a surface which interpolates between the slope on T_ 

,n/2 - . A , ,1 

on ' 



and 


2 + e' 


-e' 


\k 


_ ig. 




g 



T_^_' . dHi n has | — | = |-| = 1 component, and dH^ H Tg^. has 
' ti!]- 1 ' 

1 component, when 1 < i < n/2. dH2^^ fl T^^f has \ —^\ = \ = 1 

672 

component. Denote the associated fibering in M2 by J^^. is transverse to all the 
new fibers, and in particular to 1 2. 
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The construction of Hi is slightly different. Recall that Bi is a horizontal section 

of Yi — 7- Fi, such that Bi fl (T/ _ U _,_) are geodesies. Note that Bi is connected sine 

Fi is, by Lemma 3.4 Then there exists a properly embedded arc a* in Bi connecting 

T{ _ and Tl_^. a* x [—1, 1] is a regular neighborhood of a* in Bi. Wrap a* x [—1, 1] 

around the 0*-direction q — 1 times as we pass from —1 to 1 in cr* x [—1, 1] x 0*, when 
e' 

1 < i < n/2; (1 — — ) times when i = n/2. The resulting surface is Hi. Let J-'i be 
the corresponding surface fibration of Yi with Hi as a surface fiber. 

We may suppose that dHi = dH] U dHl ■ ■ ■ U dH^'^ and that J^i U J^j • ■ ■ U 7^'^ 



forms a semi-surface bundle J-" in M, as described in Proposition 3.2 



Next, we isotopy L such that L — {-/^2j-i,i,i ""-/S} is transverse to 

{H2 : 1 < i < n/2]. Recall that we reorient {L*j '. 1 < i < n/2,1 < j < m} before 
the proof of Proposition 3.2, and 



T* 



{LIT U (L^)* U {Llr U {Lt,) 



'4 \* 



where G A. 



C2^^l = {{Ll_iy : 1< J < m} n {(L^ .)* : 1 < j < m}, 1 < « < n/2; 



C2i 



: K J < m} n {(L^,^^.)* : 1 < J < m}, 1 < z < n/2; 
U {Ll^.i.r CF^,l<i< n/2, 1< j < m; 



* U (L^„.)* C 1 < ^ < n/2, 1 < J < m; 



Correspondingly, Lij i and i^jj-,2 are also split into four parts, G A. We denote 
them 4^.,, e At = 1,2,/ = 1,2,3,4. /(^^.^ U L^^) = (L^)*, e A,l = 



1,2,3,4. 



f/j?j = / ^{{L[ ,j)*) is a vertical annulus in Y, and -/v' ,j U L\ .j 2 C f/^' where 



& A,l = 1,2,3,4. Suppose 

Ul'] = Ul^nM, {t,j)eA,l = l,2,3,A. 



Note that Uf^i(f/.'°) = /^^L* •) fl M is an 2-punctured torus, G A. By the 



construction of Ulj, we have 



^2i-lJ ^ 



M2 if / is even, 
Yi otherwise. 



1< J < m; U^^ C < 



M^+i if / 



2i,i 



2, 

if / = 4, 1 < j < m, 
otherwise, 

(17) 



43 



where 1 < i < n/2. 

Different from Case I, Li^i^i only intersects eacli original fiber once, so is a 
once-punctured annulus, and tliere is only one singular point on Uf^f^ ihj) & A,l = 
1,2. Let (f)i be the original fiber at Cj, 1 < z < n. The singular point on f^2j-ij 
is contained in 02j-i and the singular point on f^2j-ij is contained in 02j; 1 < < 
n/2,1 < j < m. The singular point on f/gij is contained in 02i+i and the singular 
point on f/2i° is contained iio. (l)2i, 1 < i < n/2,1 < j < m. Uf^ is similar as in Figure 



Similar to Prop. |2.4 we have the following proposition. 



Proposition 3.5. Give T\ a fixed transverse orientation in Mg. We can isotope 
Lij^t along the original fibers in Uf'^^, such that Lij^t travels from the negative to the 
positive side of J^l 's leaves. This isotopy fixes outside a small regular neighborhood of 

r2/,0 



(z,j)eAt,/ = i,2. 



Different from |ABZ] . not all arcs of M2 fl {Lij^t '■ {hi) G y4,t = 1,2} are from 
Tl_ io T2^. We need the following claim. 



Claim 3.6. // every two segments {Lf^'jJ* and {Lf^^jJ* with {Lf^'jJ* n (i^-^J* ^ 



intersect {-^^2j-i 1 • 1 ^ ^ in ihe same direction, then Prop 3.5 is true, 

(^i,ji),(^2,j2) e A,li,l2 = 1,2. 



Proof: Assume (ii, ji), («2, J2) € ^,^1,^2 = 1,2 in this proof. Suppose that 
(Lit^J* n {Ll%y = 1 < ^0 < n/2. Then [/^^f n Uf^-^ = f/^^f (f7^'-°^ 



2,32 1 

2ii,0 



is a once-punctured annulus, and there is one singular point contained in C f^j^j^ 
(^fif)- By the construction of F, (L-J^J* and (i^-^J* intersect L\^^ when is odd, 
or if ^0 is even. Without losing of generality, we may suppose that i^ is odd. By 

assumption, (L^'^^J* and (Lf^^j^)* intersect L*^ in the same direction. We have that 
the heads of {L^j.^^ : t = 1, 2} and {i^-^^,* : ^ = 1, 2} are all contained in T^°^+'^'^/^ 
or T2^^°+^^/^ By the proof of Prop. 6.2 in |XBZ] . we can isotope {L^j.^t : = 1,2} 
and {Llj^ t ■t = l,2} along the original fibers above or below all the singular points 
in such that they are all travel from the " — " to the " + " side of the leaves of 
■p(io+i)/2^ This isotopy fixes outside a small regular neig hborhood of f/^^f and Uf^^J^. 

Consider the case (4'!.,)* ^ (Lg^^.J* = 0. {L^^^, : t = 1,2} and : t = 1,2} 



won't block each other during the isotopies, since U^-^^J_^ H U^.^^ ~ Then Prop, 
is true. □ 



3.5 
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Figure 21: Construction of M. 



By the construction of F, {Lf^jJ* D (1^^%)* ^ when h = I2 = 1 and ii = is + 1 
or h = I2 = 2 and ii = i2 — 1, (^1, ji), (^2, ^2) € A. According to Remark 3.3 
{L*j : G A} satisfies the assumption of Claim 



3.6 



then Prop. 



3.5 



IS true. 



As in Section 2, we construct, a free 2-fold cover of M, M, which is a fibered 



graph manifold. The construction is shown in Figure 21, (c.f. Figure 8 in Sec. 6.1 of 
jXBZ] l Let P2 be the covering map. 

U = P2\Y^), Ml, U M^,2 = P2 '(^2), ^ti U ri^2 = P2"'(n)> 1 < * < ^/2. 

M is a graph manifold obtained by gluing M2 1 ^1,2 together along T|.i, and 
gluing M22 ^^"i ^1,1 together along T^S' 1 — ^ — '"'/2- The gluing map is the same 
as the one used to glue M2 back to Yi along T| to get M for every 1 < i < n/2. 

I I V n/2 

Figure 21 also illustrates the JSJ-decomposition of M. Let H = Hi U {(j H^) and 



4 = 1 



H = P2^{H). H is a connected orientable surface in M, so M is a fibered graph 
manifold. 

P2 can be extended to Y. Denote Y to be the covering space of Y. Y inherits the 
Seifert fibered structure from Y with fiber (p, where is the preimage of the original 
fiber in F under p2. Let L = P2^{L). As in |ABZj . we use Prop. 



3.5 



and perform 

Dehn twist operations to the surface fibers of M such that L fl M always transverses 
the new surface fiber. 



Let 



2 n/2 ^ . 
= J^l,! U J'l.S U ( U U J"^,), 



s=l i=l 



where J^i,, = P2^{J^i) n J"^^, = P2^('^2) H s = 1,2, 1 < z < n/2. Then 
= P2^{^) is a surface bundle in M, and ^ represents one leaf of F. Fix a transverse 
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orientation for f and let ^i^^ and ^3,5 have the induced orientation, s = 1, 2, 1 < z < 
n/2. 

Y = Fi,! u u ( u "u %) 

where ^2*1 U = P2 ^(^2) and M^^, C s = 1, 2, 1 < i < n/2. By construction, 
P2^{L2i-iA,i) = I/2i-i, 1,1, iU-f'2i-i, 1,1,2 are two copies of L2i-i,i,i, where L2i-i,i,i,s C Yl^, 
1 < I < n/2, s = 1,2. Equip -^2i-i,i,i,s the inherited orientation from L2i-i,i,i, 
1 < z < n/2,s = 1,2. Then 

M = Y\{U "u iV(L2._i,i,i,,)), 

S = l 4 = 1 

where iV(I/2i-i,i,i,s) is a regular small neighborhood of I/2i-i,i,i,s iio.Y,l<i<n/2,s = 
1,2. 

By the construction of M, P2 ) is two copies of f/^'^ , denoted by [7^''°^ U t^i'°2' 
l</<4, (z,j)eA Bjm 



rrifi ^ ) ^is if I is even, ^ ,,0 ^ . 

Fi ,j otherwise. 



if/ = 2, 

M^_, if / = 4, 1 < j < m, 
Yi^s otherwise, 

where I < i < n/2,s = 1,2. Let L\ ,j^^^ U L\ j^^ 2 be the lift of L\j^ C ?7-'°, where 
^^"-^ equip -f/'j^t^s the inherited orientation, (i, j) G A, / = 1, 2, 3, 4, s, t = 

1,2. 



By Proposition 3.5, we can isotope L along in : {hi) G A, /, s = 1, 2}, such 

that i,, : K J < m; /, s, t = 1, 2} U {L^-'^,,,,^,, : 1 < j < m; s, t = 1, 2; / = 0, 1} 

travel from the negative to the positive side of ^2s's leaves along the orientation on 
them, 1 < i < n/2. This isotopy fixes outside a small regular neighborhood of 
• '^^'•^) e A,/,s = 1,2}. Note that I/2i-i,i,2,s = p^^(i^2i-i,i,2) n M2,s is parallel 
to 0, so it is transverse to ^2 s- 1 ^ ^ n/2. 

Next, we consider the arcs [Lf 'ls '■ {hi) G A, s, t, / = 1, 2} = Ln(Yi,iUYi,2). As in 
Section 2, we can perform Dehn twist operations a sufficiently large number of times 
on {Pi^s : s = 1,2} along a set of mutually disjoint 0-vertical tori F C (Fi^i U ^^1,2), 
such that the new surface fibers are transverse to {Lfj^s '■ {hi) € = 1,2} 

everywhere. P2(r) is a set of 0- vertical tori in Yi. Suppose C is the Seifert quotient of 



P2(r)- Then C is a set of mutually disjoint simple closed curves in Fi. By Claim 2.5 
we need to show that i{{Lf^^)*,C) is negative (or positive) for all E A,l = 1,2. 
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Figure 22: {h '■ 1 < i < n/2} when p = 6, n = 8. 



C is constructed in two different ways when 4 | n and 4 f n. 

At first we consider 4 | n. In this case C consists n/2 simple closed curves in Fi. 
C = {k:l<i< n/2}. 



li is in a small regular neighborhood of 



/?!_ in Fi and parallel to /31 if i is odd, 
(3\ in Fi and parallel to (5\ if i is even. 



Then li is parallel to L^^^^n in F, as shown in Figure 22, when p = 6,n = S 



1 < i < n/2. Give k the same orientation as i^2j-i i if ^ is odd, the opposite orientation 
if i is even, 1 < i < n/2. 



Since 4 | n, /i2(y4i-3) = /i2(l/4i-2) = 1 and /i2(y4j-i) = /i2(l/4i) = -1 by (|l3j), 
1 < i < n/4. 

At first, consider that i is odd. In this case, 2i — 2 = (mod 4), 2i — 1 = 1 (mod 4), 
2i = 2 (mod 4), and 2i + 1 = 3 (mod 4), 1 < i < n/2. Then /i2(l/2i-i) = /i2(l/2i) = 1, 
h2{y2i-2) = h2{y2i+i) = 



1. By Remark 3.3, the arcs intersect are shown as the 



following. 



m^-ij)* and mi_^j)* are from to 1 < j < 



m; 



{Li_2,jy is from /3r^ to/3i,l<j< 

3 
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m; 



(L^^ .)* is from to 1 < J < m. 



When i is odd, /j is a copy of Then /j intersects each of (-^^2i-i,ji)*' (-^2i-iji)*' 
{Ll'_2 jJ* and (L2jj2)* once, 1 < ji < wi, 1 < j2 < Because Zj has the same 



orientation as -^V2j_i_i, we have the following result by (14) 



^(-^2j-2,j2)*' 



"^(-^2i-l,l) -^2i-l,jiy 
"^(-^2i-l,l! ^21-2,32/ 



-sign{h2{y2t)) = 
-sign{h2{y2i-i)) 



iiiLlij.yj'd = -ii.Lli-i,i.L*2in) = -sign{h2{y2i)) = -1, 

where 1 < i < Ti/2, and i is odd, 1 < ji < "m, 1 < j2 < 

When z is even, 2z — 2 = 2 (mod 4), 2i — 1 = 3 (mod 4), 2z = (mod 4), and 



2z + 1 = 1 (mod A), 1 < i < n/2. Then /i2(z/2i-i 
h2{y2i+i) = 1- By Remark 



3.3 



h2{y2i) = -1, h2{y2i-2) 
the arcs intersect /3i are shown as the following. 



are from /?!_ to /31, 1 < j < "m; 



is from /3+ to f3]_, I < j < m; 
(L^^ .)* is from to 1 < j < m. 



2i-2,jJ 
3 ^ 



(L3 



When i is evev, /j is a copy of /3!,_. Then /j intersects each of (-Z^2i-iii/ 
(-^2i-2j2)* ^^"^ (-^202)* once, I < ji < m,l < J2 < Because /j has the different 



2j-lji7 ' 



orientation from L2i_i i, we have the following result by (14) 



^iiLl^-ijJ* Ji) = iiLli-i,!^ Llt^ijJ = s^gn{h2{y2^~l)) = -1, 
iiiLlt-ijJ* Ji) = ^(^2i-i,i>^2*-i,ji) = sign{h2{y2i)) = -1, 
iiiLl^-2,j2)* Ji) = ^(^2i-i,D^2i-2,j2) = sign{h2{y2i-i)) = -1, 
^((^2^2)*'^^) = ^(^2^-1,1,^2^2) = s^9n{h2{y2^)) = -1, 

where 1 < i < n/2, and i is even, 1 < j'l < m, 1 < j2 < "/t^- 



By the above discussion, when 4 | n, i{{L2i_i j^)*,C) = i{{L2ij^)* ,C) = 
ji < m,l < j2 < m,l < i < n/2, I = 1, 2. 

n + 2 

Now we consider the case 4 \ n. n is even, so 4 | {n + 2). Let / = — ^ — . 
case, C consists n/2 + 3 mutually disjoint simple closed curves in Fi. Let 



-1,1 < 



In this 



C = {li:l<i< n/2} U {/j, 1 : j = / - 1, /, / + 1}. 
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^■^ ^9,1 ^9,2 -'^9,3 -'^8,1 ^8,2 -'^8,3 7, , -'^7,1 -'^7,2 ^7,3 ^6,1 -^^6,2 -'^6,3 

J \ / \ / ''4,1 / / r / 



^10,3 



^10,2- ; 



T* 

-^10,1 




-'^l, 2 ^1,1 ^1,3 ^2,1 -'^2,2 ^2,3 ^3,1 -'^3,2 ^3,3 ^4,1 ^4,2 ^4,3 

p = 6, n = 10 



Figure 23: : 1 < i < n/2} U : z = / - 1, /, / + 1} when p = 6, n = 10. 



Since 4 | n, we have the following by (13). 



When 1 < z < n/2,h2{yi) 
When n/2 < i < n, h2{yi) 



1 if i = 1 or 2 (mod) 4, 
-1 otherwise. 

-1 if i = 1 or 2 (mod) 4, 
otherwise. 



(1^ 



We construct C in the following cases, (c.f. Figure 20 and Figure 23) 



Case 1: Construct {/j : 1 < i < / and i is odd, or I < i < n/2 and i is even}. 
Let li be a simple closed curve parallel to /3i and in a small regular neighborhood 



of /3!_ in Fi. Give the same orientation as i^2i-i i- By (18), h2{y: 



2i 



^2(2/2^-2) = ^2(1/21+1) = — 1- By a similar discussion as in the case 4 | n and i is odd, 
/i intersects each of (Ll^.i^^)*, (^Li,ii)*> (^2i-2,i2)* and (i^aija)* once, and 

= t{{Li_,,J,l.) = ^{{Li_2,,r,l^) = ^{{Li,J,h) = -1, (19) 

1 < ji < m, 1 < j2 < 

Case 2: Construct {li : 1 < i < I and i is even, or I < i < n/2 and i is odd}. 
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Let li be a simple closed curve parallel to P]^ and in a small regular neighborhood 
of in Fi. Give k the opposite orientation of L2i_i i- By (18), h2{y2i~i) = ^2(y2j) = 
— 1, h2{y2i-2) = h2{y2i+i) = 1- By a similar discussion as in the case 4 | n and i is 
even, intersects each of (L^-.^^^-J*, (L^._2jJ* and (Lli j^)* once, and 

= ^{{Li.^,J,h) = ^{{Ll,-2,r.r,h) = ^{{Ll,J^^) = -1, (20) 

1 < ji < m, 1 < j2 < 

Case 3: Construct {IjX- j = I ~ ^ when / is even, or j = / + 1 when / is odd}. 

Let Ij^i be a simple closed curve parallel to and in a small regular neighborhood 
of [3l_ in Fi. Equip Ij^i the same orientation as Lg^.i i- By (18), h2{y2j-i) = ^2(l/2i) = 



1, h2{y2j-2) = h2{y2j+i) = -1- By Remark 3.3 



(^2j-i,ji)* and (i^2i-i,ii)* are from to 1 < ji < m; 
{L%^2,ny is from to /3f \ 1 < j 2 < m; 
(L^^-^.J* is from to 1 < j2 < m. 

Then Z^-i intersects each of (L^^.^^^.J*, {Ll-_^ -^)\ {Ll-_2 -^Y and (i^ajja)* o^^e, 1 < 
ji < 1 < j2 < By (jTil), 



^((^2i-i,ii)*.^i,i) = -^(^2i-i,i>^2j-iji) = -sic/n(/i2(i/2j)) = 
^((^2i-iji)*.^j,i) = -iiLlj-i,!, Llj-ijJ = -sign{h2{y2j-i)) 



(21) 



^((^2i-2jJ*,^j,l) = -«(^2i-l,l,^2j-2,j2) = -Si^^(/i2(2/2j-l)) = -1, 

^iiLl-nTJj^i) = -i{Ll-_^^^,L;jjJ = -sign{h2{y2j)) = -1, 

1 < ji < m, 1 < j2 < m. 

Case 4: Construct {Ij^i :j = I — 1 when / is odd, or j = J + 1 when / is even}. 

Let Ij^i be a simple closed curve parallel to /3i_ and in a small regular neighborhood 
of f3-'_ in Fi. Equip Ij^i the orientation opposite to L2j_i i. By (18), /i2(l/2j-i) = 



^2(l/2i) = -1, h2{y2j-2) = h2{y2j+i) = 1- By Remark 3.3 



(^2j-i,ji)* and (^2i-i,ii)* are from /3i to 1 < j i < m; 
(^ii-2,i2)* is from f3i to /3r\ 1 < j 2 < m; 
{LljjJ* is from /3i to 1 < j 2 < m. 

Then Ij^i intersects each of {Llj^^jJ*, iLlj_^jJ*, iLlj_2j^)* and (Ll^j^)* once, 1 < 
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(22) 



ji < m, 1 < j2 < m. By (|T4|), 

^((^2j-lJi)*>^j,l) = ^(^2i-l,l>^2j-lJi) = Si^^(/i2(y2i)) = -1 
^((^2i-l,ii)*>^i,l) =^(^2i-l,l,^2j-l,ii) = Si^^(^2(y2i-l)) = -1 
^((^2j-2j2)*'^i.l) = ^(^2i-l,l,^2j-2,i2) = S«C/n(/l2(y2i-l)) = "1, 

= i{Ll-_^^^,L;jjJ = sign{h2{y2j)) = -1, 

1 < ji < m, 1 < j2 < 

Case 5: Construct // and Ij^i. 

Let ai and 02 be two arcs in two disks with radius greater than e centered at 
C2(/-i) and C2/+1 respectively, ai is parallel to -^^2(/-i)-i 1 intersects (-^2(/-i)-i ji)* 
and {Llj^j_^-^ once, I < ji < m,l < j2 < m. a2 is parallel to -Z^2(/+i)-i 1 
intersects {Lli^j^^-^_^ and (-^^2/^2)* once, 1 < ji < wi, 1 < j2 < w^- Let 61 and 62 be 
two arcs parallel to L2j_i i in the disks with radius greater than e centered at C2/-1 
and C21 respectively. 61 intersects {Llj_^ jJ* and {Lli^j_^-^ j^)* once, and 62 intersects 
(L27_ij J* and {L^j^J* once, 1 < ji < 1 < j2 < 0.1,^2, &i,&2 are shown as in 



Figure 20 and Figure 23 



Ij is obtained by connecting ai and 61 by two arcs. One is parallel to {L^^^^ -^^ ^)* 
and in a small neighborhood of (L2(j_^) ^)*. The other is parallel to 

(^2(/-i),(m+i)/2)* and in a small neighborhood of (i^2(/-i),(m+i)/2)*> if ^2(y2/-i) = -1 

(^2(/-i),(m+3)/2)* and in a small neighborhood of (^2{/-i),(m+3)/2)*' if ^2(y2/-i) = 1- 

Similarly, //^i is obtained by connecting 02 and 62 by two arcs. One is parallel to 
{L2J i)* and in a small neighborhood of [L^j i)*. The other is parallel to 

and m a .nail neighborhood of (L?,,,„.,,,J-. it = 1, 

m+3)/2)* and in a small neighborhood of (-^27,{m+3)/2)*' if ^2(z/2/) — -1- 

Note that the intersections of // and L* are contained in ai U bi (02 U 62)- In 
addition, we can arrange Ij^i : I < i < n/2,j = 1 — 1,1,1 + 1} such that they are 
mutually disjoint. Orient // and Ij^i such that ai and 02 have the different orientations 
from and respectively. By the discussion in Case 3 and Case 4, 

^((-^2(/-i)-iji)%«i) = -^((-^2{/-i)-iji)*7^/-i,i) = 1; 
^((-^2(/+i)-i,ji)*5'^2) = -^((-^^2{/+i)-i,ii)*5^/+i,i) = 1; 

^((L3,^^.J*'«2) = -^((^LJ*,/m,i) = l, 
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1 < ji < m, 1 < j2 < m. By the construction of // and // 1, 



2(/-l)j2^ ' 



-z((L^,^^.J*,a2) = -l, 



(24) 



1 < ji < m, 1 < j2 < bi and 62 are parallel to L2j_i (-^2/-i,ji)* ^^"^ ^"^2(/-i) ^2)* 
intersect L^i^i i in the same direction. (-Z^2/-i,ji)* ^^"^ (-^2/^2)* i^i^ersect -Z^2Z-i,i t'^^ 
same direction. By (14) 



^((^2/-i.,.r,&i) = ^((^2(/-i),,2r'^i) = -i; 

^((^2/-l,J*,&2)=^((L^,,J*,&2) = -l, 



(25) 



1 < jl < m, 1 < J2 < 



Next, we check i{{Lfj)*,C) < 0, (i,j) G A, / = 1,2. Assume that n > 10 (i.e. 
J > 3) and 1 < ji < m, 1 < j2 < (The case = 6 is similar, (c.f. Figure 20)) 



By (jigj) and (l20j), 

)*, C) = ^((i^Li,,, )*, C) = -1, 1 < z < / - 2, or / + 2 < z < n/2; 



z{{Ll,^^J,C) = i{{Li^^J,C) = -1, 1 < z < / - 3, or / + 2 < ^ < n/2. 
^((^2(/-2),,2)*'C) = ^((^2(/-2),,2)*.^/-i) = -l.by ^ and 

^((4/-2),,2)*'C) = ^((4/-2),.2)*'^/-2) +^((4/-2),,2)*'^/-l,l) 

= -l + (-l) = -2,by 

^((^2(/-l)-l,,J*,C) = ^((^2(/-l)-l,,J%^/-l) +^((^2(/-l)-l,,J%^/-l,l) +^((^2(/-l)-l,,J* 

= -1 + (-1) + 1 = -i,by m-m. 



ti{L\i-i)-i,J*,C) = 2((4,_,)_,_^.J*,/,_i) 
= -l + (-l) = -2,by 

i{{L\i.r),,)\C) = z((L^(,_i),^g*,/,_i,i) +^((^2{/-i),,2)*'«i) + ^((^2(/-i),,J*,&i) 
= -l + l + (-l) = -l,by (|21|-(|24|). 

^((^2/-l,n)^C) = ^((^2/-l,n)^&l) = - 



-l,by (19)-(20). 



z((L^,_,,^.J*,C) = z((L^,_, 



-1; 



-l,by (25). 



i{{L\j^^J,C) = t{{L\jJ\h^,) = -l,by (|T9l) and ([201). 



^2/,j2 



^((^L2)^c) = ^((^L2)^w)+^((^27,,2)^«2)+^((^L2)^^2) 



-l + l + (-l) = -l,by (21)-(24). 
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h+i,i 

-U (-^ \ = -9 hv /fTQll-/l99ll- 



^((-^2(/+l)-l,ji 



= -1 + (-!) = -2, by (|T9|)-(|22|); 

= ^((-^2(/+l)-lji)*'^/+l) +^((-^2(/+l)-l,ji)*'^/+l,l' 



2(/+l)-lJiJ ) 



= -1 + (-1) + 1 = -l,by ([T9|)-(|23|. 

^((^2(7+1),..)*' = ^((^2(m),.2)*'^/+2) +^((^^(/+l),,-J*,/7+l,l) 

= -1 + (-!) = -2, by (|19|)-(|22|) 

= ^((4m),,J*>^/+i) = -l>by (|T9|) and (|20|). 

1 < ji < m, 1 < j2 < m. 

Then i{{Lf-^)%C) < 0, (i, j) G A, / = 1,2. Let , be the new surface bundle of 

there 



2.5 



Mi^s after enough times Denh twist operations along F, s = 1, 2. By Claim 
is an isotopy of J^[ g such that {Lfj^ g : (i, j) G A, s,t,/ = 1,2} are transverse to the 
new surface bundle. Then the exterior of L in F is a surface bundle, y is a p-fold 
cover of Wk-, which is a 2-fold cover of the exterior of K is S^. Thus K is virtually 



fibered. We finish the proof of Theorem 1.1 in Case II. 
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